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Cnucomonpocoe:
JIBOVHOW MHTETpas, €ro OCHOBHBIE CBOMCTBA

Brruucnenue HBOﬁHbIX HHTCI'PpaJIOB

(v K _xz
JIBOViHBIE MHTETpabl B MOJSIPHBIX KOOpAWHATAX. Brruncienue J.e dx
0

TpolHOM MHTErpaj, Ero OCHOBHBIE CBOMCTBA. BBIYMCIICHUE TPOUHBIX

UHTErpajioB

TpoiiHble UHTETpaBl B LMIMHAPUUECKUX U CPEPUIECKUX KOOpAUHATAX
KpuBonmneitnpie uaTerpaisl I tuna

Kpusonunennsie narerpaist I tuma

®opmyna [ puna

VYcnoBre HE3aBUCUMOCTH KPUBOJIMHEWHBIX HHTETPaJIOB OT (POPMBI Iy TH

Ha IIJIOCKOCTH

10.  TIpusuak noanoro auddepeHimana Ha IIOCKOCTH

11.  Tlnomanb HOBEPXHOCTH, 3aJaHHAast IOJIHBIM YPAaBHEHHEM

12.  Wurerpansi o nosepxyocty I tuma

13.  JIBycTOpOHHHME IIOBEPXHOCTU

14.  Wurerpansi o nosepxuocty Il Tuna

15.  ®opmyna Ocrporpaiackoro. Ee BekTopHas 3amuch

16. CkansgpHbie 1 BEKTOpHBIE 110151, OnpeaeieHrsl 1 OCHOBHBIE CBOMCTBA

rpaaucHTa, IMBCPreHINN, pOTOPA, IIOTOKA U HUPKYJIALIUN

17.  ®opmyna Crokca. Ee BexropHas 3anuch

18.  Conenonpansuoe none. BekropHas tpyOka B HeM. [ToTeHIMaNIbHOE

ITI0JIC.



Bunem 1. [JeoliHou uHmezparsn. E20 ocHoeHbIe ceolicmea
1. []JeouHoU uHmeaparn.

Ms1  Oynem paccmarpuBaTh GYHKOUH  f(x,y), ONpeAenéHHbIe Ha
KBaJpUpyeMoM (TO €CTh MMEIOIIEeM IUIoniaar) MHOxkecTBe D. Eciu BCOMHUTH
TCOPHUIO OHpe,ZleJIéHHOFO HHTCI'pajia, TO Mbl Ha4dalld €€ H3J0KXKEHUE C IOHATHUSA
pasouenuss T orpeska [a,b]. Ilo amamoruu, ompemenum pazOuenue T

KBaJ[pUPYEMOr0 MHOXeCTBa [), Kak MNpEACTAaBICHUE MHOXKECTBA [) B BHJE

00be/IMHEHNs KOHEUHOTO YKClIa KBAJAPUPyeMbIX dacteil, D=|JD, .

i=1

[Ipaktruecku Bcerga D npencrapiisieT coO0M Tpaneuuio Wil KOHEYHOE
00beIMHEHNE KPUBOJIMHENHBIX Tpanenuil. MoKHO cuuTaTh, 4YTO U pa3OueHue D Ha
4yacTu D; onpeAesaeTcs ¢ MIOMOIIbI0 CIPSIMIISIEMBIX(T.€. IMEIOIIUX JUTHHY )
KPHUBBIX, TO €CTh Bce D; TaKkKe KPUBOJIMHENHbIE TpAaNeU! UK UX 00bEAMHEHHUS.

B ogHOMepHOM cityyae Mbl paccCMaTpUBAIM JJMHBI YacTell pa3oueHus

Ax, = x,,, —x,. B 1BymMepHOM citydae 0000111eHneM MOHATHUS JUIMHBI Ax, OyleT

wiomanb D;. OaHako HaMm noTpedyeTcst Takxke nousitue guamerpa D( diam(D)).
DTa BeIMYMHA OMPEAEIIACTCS KaK TOUHAs BEPXHSS IpaHb PACCTOSTHUM MEXTY
toukam M, N MHOkecTBa D:

diam(D) = sup p(M,N); M, N '] D

B wactHoctH, ecniu D — Kpyr, TO diam(D) — 3T0 Kak pa3 JjiuHa JuaMeTpa

KpyTra B IPUBBIYHOM CMbIcie. B o0uiem citydyae 370 NOHSTHE MOSCHIET PUCYHOK:



Do POCCRORHLE PasHs

diarm (L)

ScHo, uto ecnu diam(D;) HeBeNUK, TO U IOIAb
D; Taxke HeBeJIHKa, MOCKOJIbKY HEPaBEHCTBO / —

diam(D,) <5 03HA4aeT, 4To D; COAEPKUTCSI HEKOTOPOM \ —

B Kpyre paauyca o, M, 3Ha4UT MMEET ILIOMAab He
OOJIBIIIE, UEM 75° .
JleliCTBUTENHHO, BO3BMEM IIPOM3BOJIbHYIO TOUKY MHOKECTBA D B KauecTBe

LIEHTpa 3TOro kpyra. Tak Kak diam(D,) <5 , OCTaJbHBIE TOYKHU D; I€kKaT BHYTPU

KpyTa.

OpnHako mionaab Kpyra MoKeT ObITh HEBENMKa, a diam(D;) TocTaTouyHO

BeJMK. [Ipumep — oueHb TOHKUN NPSIMOYTOJIbHUK.

i

2
Omnpenenum quametp d(7) pazouenus T kak HAMOOIBIIHNI U3 TUAMETPOB
diam(D,) yacteil 3Toro pazoueHus.

Jlanee, Kak ¥ B OJIHOMEPHOM cliydae, BbioepeM TOUku N, € D, (ObL10:

& elx:x.]). Ilycts N, umeeT KoopaMHathl (&,,7,). BaxHyro posib B fanbHeHIIeM

OyZeT Urpath IOHATHE HHTErPaIbHOM cyMMbI Y (&7, AS, =o(f,T,{N,}). Tak xe,

i=l1

KaK 1 B OJJTHOMCPHOM CJIy4ac, 5Ta BCJIIMYMHA UMCCT HpOCTOfI FeOMeTpI/IqCCKI/Iﬁ

n
cMbIc. Beomunm, 4To cymma Y| f(& Ay, mpercTasisiia co0oit niowads
i=1

cmynenyamotri pueypsl BUaA:
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(111 TPOCTOTHI CYUTAEM, 4TO f(x)=0).

BcnomauM Takke, 9To 00bEM IIUIIMHPA C OCHOBAaHHUEM, UMEIOIINM IUIONIAh

S'¥ ¢ BBICOTOM /1 paBeH S -/ .

[To>TOMy MHTETpajbHas CyMMa z £(&.,7,)na(D,) paBHa 00BEMY Tena,

i=1
COCTOSILETO M3 HUIMHIPOB C BBICOTOM f(&.,7,) (47151 IPOCTOTHI CYMTAEM, UTO

f(x,y)>0) 1 OCHOBaHUSIMU D, .

Omnpenenenue. [Iycts f(x,y) - OrpaHM4YeHHas HA KBaIPUPYEMOM MHOXKECTBE

D dbyunknus. [lycts 1 eR. Ecmi Ve>0 36>0 3T:d(T)<S V{N,}
|a( f.TAN.}) -1 | < ¢, To OyJieM rOBOPHTH, UTO f — MHTErpupyemas Ha D QyHKIus u

I= ” 7(x,y)dxdy . YacTO HIIYT TaKxkKe [ = J. F(N)du .
D D

3ameuanue. OT0 OIpCACICHNUC OTIINYACTCA OT OAHOMEPHOI'0, B KOTOPOM

OTCYTCTBOBaJIO TPEOOBAHKE OTPAHMYEHHOCTH (QyHKIMHU f(x). MBI TOr1a
JIOKa3bIBAIM HEOOXOIMMOE YCIOBHE MHTETPUPYEMOCTH: eciu f(x) unmezpupyema
na |a,b], mo f(x) oepanuuena na [a,b]. B nBymeprom (tpexmepuom, N — MEPHOM)
Cilydae TpeGOBaHME OTPaHUYEHHOCTH BKIIFOYEHO B ONPEIETIEHUE

VHTETPUPYEMOCTH.



b
Kpurepuii cymecrBoBanus J. f(x)dx dopmupoBaics B TepMUHAX cymm [lapby

BUJIA S(T):imiAxi, S(T):Zn:MiAxi,rz[e m,= inf f(x), M,= sup f(x), TO ecTb

i=1 i=1 relniai] xelx5%;]
m, - HIOKHSISL TPaHb, & M, - BEPXHSS I'PaHb 3HAYCHUN f(x) IPU x € [‘xi—l;xi]'
AHaJIOrUYHO, 0003HAYNM JIJIs1 OTpaHUYCHHOW Ha D GyHKIUU f(N)

m, =inf f(N), M, =sup f(N) (3TH 4MCla CYIECTBYIOT BBUY MPEANOIaracMoi
NeD; NeD;

OTPaHUYCHHOCTH

Hwxnss cymma JlapOy Bepxuss cymma JlapOy

A(N) va D u, 3na4nt, Ha Bcex D; u onpenennum cymmsl [JapOy paBeHCcTBaMu
s(T)=>m, (D,), S(T)=>M, (D,). dTn BemmuUHBI IPEACTABIIOT COOOIA
i=l1 i=l1

00BEMBI TEJ, COCTOSIIINX U3 IIJIMHIPOB C OCHOBAHUSAMH D; U BHICOTAMH,
COOTBETCTBEHHO m; U M;. SIcHO, uTO mpu 1060M BeIOOpE {Ni}
S(T)S G(f,T,{Ni})S S(7).

BrionHe aHANIOTMYHO OHOMEPHOMY CITy4Yal0 MOKHO JI0Ka3aTh KPUTEPUIA
UHTETPUPYEMOCTH.

Teopema. OrpannueHHast f{x,y) HHTErpUpyeMa Ha KBaJpUPyEMOM
MHOxecTBe D <> Ve >035 VT d(T)< 5 S(T)-s(t)< e

(Ha sx3amene orpannuuBaeMcsi OpMyITHPOBKOA).



W13 3TOrO0 KpuTEpHs CIenayeT TE0OpeMa.
Teopema. Ecnu f{(x,y) HenlpepbIBHA HAa KBaIpUpPyEMOM MHOXeCTBE D, TO
f(x,y) uHTErpUpyeMa Ha ’TOM MHOXECTBE.

(Ha ax3ameHe 1ocTaToqHO (POPMYITUPOBKH).

2. Ceolicmea 08OUHbIX UHMe2pasos

CaoiictBo 1. Ecnu f;, [, - uHTerpupyembie Ha D ¢yHkuuu (T.e. 00a

MHTErpajla B IPaBOM 4acTU CYIIECTBYIOT), @ O, O - YUCIIA, TO

[[(e f; +a, f, dxdy = o, [[ fdxdy +a, || f.dxdy .

NHBIMH cTOBaMU, UHmMeEZPAl - TUHEUHbLI DYHKUUOHAL.

CaoiicTBo 2. Ecnu f - unterpupyema Ha D= D, U D,, IpUYeM €CIIY IO b

nepeceuenus D, N D, paBHa 0, TO

[| 1@ ydxdy =[] f(x, pydedy + [[ £(x, p)dxdy .

DyuD,

(A AUTUBHOCTL MHTETPAJIA IO MHOXKECTBY).

Ecnu f - uaterpupyema va D= D, U D,, ipu4deM €CJIH IIOIIAIb epeceYeHUs

D, nD, He paBHa 0, TO

[[ 7@ yydrdy =[] £, p)dedy + [[ £xp)dxdy =[] f(x, y)dxdy

D,uD, Dy D,nD,

CBoiicTBo 3. Ecnu f - unterpupyemas Ha D pyHkus u >0, TO

“ £ (x,y)dxdy 2 0.

CBoiicTBO 4. Ecnu |, f, - unterpupyemsic Ha D GyHKIIUU U f; > f,, TO

”fl (x, y)dxdya > ” > (x,y)dxdy .

CaoiicTBo 5. Ecnu f - unterpupyemas Ha D pyHkius, To | f| - Takxke

WHTETpUpyeMasi, IpuaemM

[[. G yyay) < [[|f (v, plxay

CBoiicTBO 6. Ecnu f - unrerpupyemas Ha D pyHkius, npuueM m < f< M,

rae m, M orpaHuYUBaIONINEe MHOKECTBO 3HAYCHUH f YKciia, TO



m, (D)< [[ f(x, )dxdy < M, (D)
D
(wr.(D) —mnowans D), t.e. Iy, m <y < M : ” fdxdy = y - m(D). Ecnu, xpome

TOTO, f - HEMIPpEphIBHA HA CBSI3HOM MHOXecTBe D, To3(&,n) € D :

] fdxdy = f(&,m)-m(D).

D
HanoMHMM: CBSI3HOCTh MHOKECTBA O3Ha4YacT, 4To JIFOOBIE €T0 JABC TOYKH

MO>KHO COCJIMHUTH JIOMAHHOM, IIEJIMKOM B HEM JIC)KaIICH.

HeceA3Hble CésaA3H0€E

JlokasbIBaTh 3TU CBOMCTBA MbI HE OyIeM - OHU BITOJIHE aHAJIOTUYHBI
CBOMCTBaM QOBIYHOI'O UHTETpaa.

Mo>kHO 0Ka3aTh, YTO €CIU f - HeTpepbIBHas Ha MHOKecTBe D QyHKIus, TO

f -unterpupyema Ha D.

CBOMCTBO 2 MO3BOJISIET YTBEPKIAATh, YTO €CIIU f UMEET pa3phiBbl HA D JTUIIb
BJI0JIb KOHEUHOT'O YMCIIa CIPSIMIIIEMBIX JIMHMM, pa3ouBaromux D Ha
KBaJI[pUpyeMble 001acTH, TO f - UHTEerpupyeMa Ha D, T.K., 10 CBOMCTBY 2, HHTETpa
1o Bcer D ecTh IPOCTO CyMMa KOHEYHOT'O YMCJIa UHTErPAJIOB I10 ITOIYyYECHHBIM

yacTsMm D (T1e f - HenpepbIBHA U, 3HAYUT, UHTETPUPYEMA).



Bunem 2. BbivyucrieHue 080UHbIX UHMez2pasoe
JIBOWHOW WHTErpaj — HOBBIM TMOKa JJIi HAC OOBEKT, U CHadajga Mbl YKaKeM
CIoco0 ero BBIYUCIICHUS CBEJICHUEM K OoJiee MPUBBIYHBIM 00bekTaM. PaccMoTpum
JIBOMHOW WHTErpajd Mo MNpsSMOYroiibHOW objactu D, cTopoHbl KOTOpOW

mapaJuICIIbHBI OCAM KOOPIWHAT.

Teopema. Ilycts 1711 f(x,y) CylIECTBYET ” f(x,y)dxdy , THe
D
D:{(x,y)|a<x<h;c<y<d}.Kpome Toro, mycrhb mis a1000ro x € [a,b] cymecTByeT
d
J(x)= _[ f(x.y)dy (mapaMeTpuyecKuil HHTErpa).
Toraa cymiecTByeT U MHTETpal, Ha3bIBAEMbI NOBMOPHLIM:

iJ (x)dx = idxi f(x,y)dy 1 UM€ET MECTO PaBCHCTBO ” f(x,y)dxdy = dexT f(x,)dy .
a a c D a c

Joka3areJbCcTBO.
- Pa300béM npsamoyronpnuk D Ha
i D 6 D..
IPSIMOYTOJILHUKH, 0003HaYeHHbIE Djj,
H Dy HPSIMBIMH, ITAPAJUIEILHBIMU OCH ) U
- [ ] '
. . MPOXOJAIIUMHU YEPE3 TOUKU
1 |
' ' a=x,<x <..<x, =b,H IPIMBIMH,
a b X

napaJuiCJIbHbIMHU OCH X U

MPOXOSIIIUMHU YE€Pe3 TOUKHU ¢ =y, <y, <..<y, =d.
Taxum oOpazom, D, ={(x,y)xelx,_,xLyely,,y;,1},i=1.,mj=1..1.Ilycth

Ax; =x;, =X, , Ay, =y, —y,,5 m;; A M, ;, COOTBETCTBEHHO, HW>KHSIl U BEPXHsIA IPaHU

i,j?
Gynkumu f(x,y)Ha Dj otkyma m, ; < f(x,y) <M, . UHTErpupyem 3T0 HEPABEHCTBO

Vi
no y: m; Ay, < j f(x,y)dy <M, ;Ay,. CyMMUpYs 5TH HEPABEHCTBO 110 j OT j=1 10 j=l:

Vi



i !
th, Ay, <J(E) < ZM . /Av; . YMHOKHM BCE YaCTH 9THUX HEPABEHCTB HA Ax; >0 U
J=1 J=1

m_ m m_
CyMMHUpYeM BCE 110 i OT i=1 10 i=m: D> m, ,Ax,Ay; <D J(E)AY, <D DM, Ax, Ay, ,
i=1

i=l j=1 i=l j=1

NN
m_ m
Z Z m; ;nn.D; ; < '

i=l j=1 i=l1

J(égi )A‘xi < Z Mi,jnﬂ'DiJ >
i=1

li
j=1

NJIn
S(T) < 3 J(E)Ax, < S(D),

rae T — pasouenne D Ha npsamoyronsauku Djj. Ilpn d(T)——0 cTpemurcs k

HYJIIO U BeIWYMHA max Ax, . Kpome Toro, s(T),S(T)—>” fdxdy . 3HAaUUT, HHTErpall
D

b d
Idxj f(x,y)dy CyHmIeCTBYET U paBEH ” f(x,y)dxdy , 9TO 1 YTBEPKIAIOCh.
D

a c

B cnyyae KpUBOJIMHEWHOMN Tpaneluu, CIIPaBEIMBA TaKask TeopeMa:

Teopema (®yomnm). Ilycts obnacte D 3amaHa HepaBeHCTBaMU a <x<b,

D, (x)<y<D,(x), TAE D, (X),D,(x) € Cla,b]. IlycTh CymIECTBYET ” f(x,y)dxdy n nis
D

(DZ
m000ro  x ela,b] CylmecTByeT J(x)= J‘ f(x,y)dx. Torma cymecTByeT HHTErpall

@

j{J(x)a’x = fdx%j( x])”(x, y)dx w ok pasen ([ f(x, y)dxdy .
a a D (x) D

Jdoka3zareabcTBO. Tak kak @;(X) HEMpephIBHA Ha [a,b], cymiecTByeT eé

MUHUMAJILHOE 3HAYEHUE ¢ Ha 3TOM OTpPEe3Ke. AHATOTUYHO, CYIIECTBYET
MakcuMalibHOe 3HaueHue d ¢pyHkiun @,(X) Ha [a, b]. 3axmounm obnacts D B

IpsIMOYTOJILHUK D*, cocTosmuii U3 To4eK (X,)), a<x<b, c<y<d.Hastom

f(x,y),ecu(x,y)e D

IPSMOYTOJIBHUKE PACCMOTPUM (DYHKITHIO [ (x,y) = X
0,ecru(x,y)e D \D

YcnoBus npenpiaymieit reopems 11 £ Beimonnensl. OHa uHTErpUpyemMa B D,
paBHa 0 (4, 3HauuT, uHTErpupyema) B D*\D. CrnenoBaTenbHO, OHAa HHTETpUpyeMa

Ha BceM MHOkecTBe D*. [Ipu aTom (1o Teopeme 00 aJANTHBHOCTH HHTETPAIIA):

10



j j fdxdy = jj fdxdy + j j Frdxdy = j j fxdy .

D*¥\D

Haxkownerr, m1st mr060ro x €[a,b]

d @, (x) @, (x) d @ (x)
[riendv=[ fendv+ [ fapdy+ [ £ Gpdy= [ 1 (p)dy.
c c @ (x) @, (x) (x)
ITo nokazaHHOMY B NpPEABIAYIIEH y
TeOpeEME, #6)
b d [ v
[[ £ dxdy = [dx[ £*(x,y)dy , gam
D* a ¢ | IJ,r" ]
OTKYyJla Cpa3y MoJIy4yaem: \//—“:;( 9
b D, (x) i
[[ rixdy = [dx [ £(x,y)dy,

D a D, (x) l
d

4TO U TpeOOBAJIOCH I0KA3aTh.

CaenctBue: [1ycts f{x,y) HempepbIBHA B 001acTH D, OTpaHUYCHHOHN CBEPXY
rpaukaMy HENPEpBIBHBIX PYHKUUNA Y = @, (x) CHU3Y - V =4, (x) Xe€ [a;b], a 1o
O0oKaM - OTpe3KaMH BEPTUKAIBHBIX PSIMBIX X = @ U X = b. Torma

b 2 (x)

[[f(x,y)dxdy = [dx [ f(x,y)dy.

D a ¢1(X)

Jdoka3zaTeabcTBO. 113 HenpepbIBHOCTH f(X,)) cpa3y cienyeT eé

uHTerpupyemoctb Ha D. Kpome Toro, 1j1s 110060ro x € [a,b] bynkuug f(x,y)
HEeTpepbIBHA (a, 3HAUUT MHTETPHpYyeMa 110 ). Bce ycnoBust TeOpeMbl BBITTOTHEHBI.

3ameuanue. Eciin 0651acte D MOXKHO OIrpaHUYUTh TaK:

c<y<d, y,(y)<x<y,(v), w.p, €Cle, d], 1o

gﬂ%ﬂﬁ@=f@ﬁﬁV@JML

CMbICH ATOM TCOPCMBEI JICCH — YKAa3dH CII0co0 CBCACHUA HOBOI'O IJIAA HAC

00BEKTa — JBOMHOTO MHTETpalia — K yKe U3y4YeHHBIM OOBIYHBIM MHTETpajiaMm.

11



Bunem 3. [JeoliHbie uHmMe2parnbi 8 NossiPHbLIX KOOPOUHamMax.

BbiyucrieHue j e dx
0

HpI/I BBIYUCJIICHUH UHTCTPAJIOB 9aCTO ObIBacT y,Z[O6HO CACJIaTh 3aMCHY

nepeMeHHbIx X = x(u,v),y = y(u,v),

rae x(u,v),y(u,v),g—x(u,v),@(u,v) a—y(u,v),a—y(u,v) — HEIPEPHIBHBI B
u

9
ov ou ov
. 5 ox
HeKoTopo# obnmactn A — R”. BocienctBuu Mbl Oy1eM 4acTo MUCATh MPOCTO 8_
u
Oox
BMECTO a—(u, v) Y T.N. ¥, KPOME TOTO, TOBOPUTH MPHU BHITIOJIHECHUU
u

BBIIICYITOMSHYTHIX YCJIOBHI, U4TO X M Y — HEMPEPhIBHO AuddepeHnupyemsie B A
byHKIUU.
ITycts mipu 3TOM hopmyitel x = x(u,v), y = y(u,Vv) 3a1at0T B3aUMHO-

0JIHO3HAYHOE OTOGPaXKEHHE KBAAPUPYEMBIX obnacTeii: D <> A, (x,y)e D, (u,v)eA.

Kpowme Toro, He cTpemsich K MUHUMAJIBHOCTH YCIIOBUM, TOTpeOyeM, UTOOBI BCIOIY

Ha o0yractu A

ax o
J=|0u Ov

Oy Oy| He paBmsiics 0.

ou Ov

Teopema. [Ipu copMynTupOBaHHBIX BbIIIE YCIOBUSIX IS HEMTPEPHIBHOW Ha

D ¢yunxuun f (x, y) MMeeT MeCTo paBeHCTBO
” £, v )dxdy = ”f(x(u,v),y(u,v)}](u,v)|dudv.

Ctporoe 10Ka3aTeabCTBO 3TOM TEOPEMbI NOTPEOOBAIO Obl 3HAUUTEIBHBIX
YCWIMH U3-32 OOUITUSI TEXHUUECKUX JieTaneil. Mbl U31105KUM 37€Ch CXEMY
J0Ka3zarenbcTBa. Bo-nepBbix, 00a nHTErpana B GOpMyJIUpPOBKE TEOPEMBI

CYLIECTBYIOT, IOCKOJIBKY f(x,y) — HempepbiBHas QyHKIHS.

12



Paccmotpum pazOuenue o6mactu A IpsMBIMU, TAPAIICIBHBIMU OCSAM U U V.

PaCCMOTpI/IM €C 94aCTb, UMCIOIIYIO B IIPAMOYI'OJIbHHUKA C BEpIIUHAMUA

(u,v+Av) (e + Au,v + Av)

(u,v) (u + Au,v)

[Ipu oToOpaxenun x =x(u,v),y = y(u,v) 3TH TOUYKH NEPEUAYT,

COOTBCTCTBCHHO, B TOYKH

x((w, v+ AV)), (v +AV))  x((w + Au, v+ AV)), y((u + Au, v + Av))

(1, ). p(w.v)) (1 -+ A, v)), y((oe + A, )

Hanee, npu Au — 0,Av — 0
x(u, v+ Av)—x(u,v) = ?(u, V)AV + Z(Av)
v

y(u,v + Av)— y(u, v) = Z—y(u, v)Av + ;(Av)
\%

x(u + Au,v)— x(u,v) = Z—x(u,v)Au + :(Au)
u

y(u + Au,v)— y(u,v) = S—y(u,v)Au + ;(Au)
u

x(u+ Au, v+ Av)— x(u, v+ Av) = 2—x(u,v + Av)Au + Z(Au)
u

y(u + Au,v+ Av)— y(u,v+Av)= g—y(u,v + Av)Au + Z(Au)
u

x(u+ Au,v+ Av) - x(u +Au,v)= ?(u,v + Av)Av + ;(AV)
v

y(u +Au, v+ Av)— y(u + Au,v) = 2—y(u,v + Av)Av + Z(Av)
v

13



0.
[Ipn maneix Au, Av npousBoaHble —,—,——,—— , BBIYUCICHHBIE B TOYKAX

ou’ ov ou’
(u + Au,v), (u,v + Av), BBUJIY CBOE€U HEMPEPHIBHOCTU MAJIO OTIUYAIOTCSA OT

COOTBCTCTBYIOIINX IMPOU3BOJHBIX, BBIYMCJICHHBIX B TOYKC (u,v), IIO3TOMY

Fu (,v), 7+ (u,v) Mano ormmaroTcs ot Fu (u+Au,v),ro(u+Au,v) m

ru (u, v+ Av), ry (u, v+ Av), COOTBETCTBEHHO, U paCCMaTPHUBAEMbIN

YEeTBIPEXYTOJIBHUK MPEJICTABISET COOON «IIOUYTH NapAILIIEIOrPAMM).

HJ'IOHI&I[B mapajuicjiorpamMmma CoO CTOPOHAMHU ¥y, Iy

x or
8u 5\/ — J ‘ J‘

paBHA MOJYJIO ONPEASTUTENS @_y 8_y , T.€. paBHa |J|.
ou Ov

[ToaToMy nipu mpeoOpa3oBaHUM UHTETpaIbHAS CyMMa

Z £ el v, ), v(u, v, ))(J (u,,v, )‘AuAv OIM3Ka K MHTErPalbHON CyMMe

n
Z f (xl. .y (D, ), U T.K. COOTBETCTBYIOINE UHTEIPAIIBHBIC CYMMBI IS

HHTCTPAJIIOB, CTOAIIUX B npaBoﬁ 1 JICBOM YaCTIX A0Ka3bIBACMOI'0 PaBCHCTBA MaJIO

OTJIMYAOTCS IPYT OT APyra, TO U UHTETPAJIbl COBHAJAIOT.

3ameuanue. YTBEpKICHUE TEOPEMbI COXPAHUTCSI, €CIIH YCIOBHE B3aUMHOMN

OJTHO3HAYHOCTH OTOOpakeHus x = x(u,v), y = y(u,v) HaApPYUIUTCI HA MHOKECTBE

HYJIEBOW IUIOLIAIN.

14



Ipumep. [lepexon K NOJAPHBIM KOOPAUHATAM.

[TycTh TpeOyeTcst HalTH ” f (x, y)dxdy o obnactu D, koTopas 3a1aéTcs B
D

IMOJIIPHBIX KOOpAWHATAX YCIOBHUAMU

alp< p
r<r(g)

CrenaeM 3aMeHy ITEpPEMEHHBIX

W

X=rcos¢

y=rsing

[Tpu 510 3aMeHe HapyIIaeTcs B3auMHasi OJJHO3HAYHOCTh OTOOpaKeHUSI.

Touke (0,0) cCOOTBETCTBYET LIEIBIN OTPE3OK [a, p ] Ha ocH ¢. O HAKO TOYKA UMEET

HYJICBYIO TUIOIIA/Ih, M TeOpeMa crpaBeiiBa. OcTaaoch BEIUUCIUTH J.
ox

o . ,0x ., 0y
— =CO0S@Q,—=SIM@P,— =—rSIe,— =rCcos .
oy~ COSP g, TSING G p=rsing. g = reosd

cos¢p —rsing

= =rcos’ g+rsin’ g=r
sing rcos¢

CrnenoBarenbHO, j J. f (x, y)dxdy = j ’ d¢ Jor(¢) f (r cos ¢, rsin ¢)rdr.
D

HOJ’IﬂpHBIG KOOPpAWHATLI OBIBAIOT OYEHD MOJIC3HBI IIpHU BBIYUCICHUAX.

o 2
PaccmoTpum npumep. Havitu [ =J‘ e dx.
0

Pemenne. | — 3T0 HECOOCTBEHHBIN UHTErpaJl, U MPEKE BCETO CIEAYET

1 )

0 s , ,
YCTaHOBUTH €r0 CXOAUMOCTb. [1o onpenenenuto, j e dx = J'e*x dx+'[e*x dx.
0 0 1

[TepBbIil U3 UHTErPaIOB — COOCTBEHHBIN, BTOPON — CXOAUTCS MO 1-i1 Teopeme o

CpPaBHEHMH, TaK Kak IpU X =1 crpaBeIIuBbI HEPABEHCTBA

,e - <e*,a je‘xdx, OYCBUIHO, CXOJIUTCS.
1

15



R
2
O603naunm I, = j ¢ dx (o4eBHuIHO,
0

I, > LR —> o). Torga, mockoiabKy

0003HaueHNEe IEPEMEHHON HHTETPUPOBAHMSI

MOXHO BBI6paTB ITPOU3BOJIbHBIM,

R R
R X I;=1,-1, :J.e_xzdx-J.e_yzdy=”e_xz_yzdxdy,FILe
0 Sk
v S, — kBagpar, a C,,C Jsx — UETBEPTH KpyTa,

’\ COOTBETCTBEHHO, paanycoB R u +/2R . Tak kak
_x2_y? o o
\ C 2 e >0, 1o no cBoiicTBaM 2, 3 IBOMHOIO
=
Cx™

MHTErpaia ”e”‘z’yz dxdy <T; < ” e dxdy.
Cr

Cuar

B unrerpaie ”e‘*z’yz dxdy mepeiinem k
CR

IOJISIPHBIM KOOPJAMHATAM:

n/2 R

!{e”‘z"yz dxdy = Jo.dci)le‘rz rdr = gIe’rz %dr2 = g[erz

a

AHAJIOTHYHO, He‘xz‘yz dxdy = %(1 —e ) u %(1 —e™ dX)S I < —(1 —e® dx). [pu

Cra

N

. T
crpemiienud R k oo mosyyaeM, uro limI;, =—, 1o ectb [’ ==, 1=

n
R—w 4 4 ’

o4
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Bunem 4. TpouHol uHmezpars, e2o0 OCHO8HbIE ceolicmea.
BbiyucrieHue mpouHbIX UHMe2pasos.
PaccMoTpuM KyOHpyeMyIo 001acTh B TpeXMepHoM mpocTpanctee V< R,

Paz6uenue T Ha yacTu V, ocymecTBisieTcs KyCOUYHO-IIIaAKMMH TOBEPXHOCTSAMH.

HuameTp pazOueHus onpeaenseTcs aHaJIoOTUYHO IByMEPHOMY ciydaro. Takxke, 1o

aHAJIOTHH, MOYKHO OTIPEACNUTh Tt PyHKIuu f (x,y,z), pa3zouenus T obnactu V u

BbIOpaHHBIX TOUEK M, (xi Vs Z, ) € V. HHTETPaJIbHYIO0 CYMMY
ol(f,T.{M,})= Z f(M,p6(v,), rae 06.(V,) o6o3HauaeT 06beM obacT V..
i=1

Onpenenenne. ITycts 1€ R Takoe wucro, 9to Ve >0 38>0 VT,d(T)<§

VM, Jo(f,tiM,})- 1| < & . Toraa mbl roBopuM, uto f uHTerpupyema Ha V, yucio I

ecTh uHTErpan f mo odbnactu V u o003HavaeM 310 Tak: [ = Iﬂ f(x,y,z)dxdydz.
v

Kak u B ciy4dac HBOﬁHOFO HHTCTPAJIA, BBIIIOJHAOTCA aHAJIOTUYHbBIC

cBoricTBa 1-6. MoHO J10Ka3ath, yTo eciu f (x,y,z) HENpepbIBHA HA V, TO OHA

uHTerpupyema Ha V. TouHo Takke MOXKHO yOEIUTHCSI B TOM, UTO €CJIH TOUKH

paspsiBa f 1e)xaT Ha KOHEYHOM YHCJIe HETIPEPBIBHBIX TTOBEPXHOCTEH, JIEKAINX Ha

V u pazouBaromux V Ha Kyoupyemsie oomnacty, To f uaTerpupyema Ha V.
Brruncnenue TpoiHOTO HHTETpaja MPOU3BOAUTCS 110 CIEAYIOMIEMY

paBuILy.

Teopema(®@younn). [Tycts V 3aana cienyrommmMu HEPaBEHCTBAMH:

v, (x,y) <z<vy, (x,y), (x, y) e D. D — kBagpupyemast 00J1acTh Ha IUIOCKOCTH,

V,,y, — HenpepbiBHbIE pyHKIMU. Toraa

vy (x,y)

Ijjf (x,,2)dxdydz = ” dxdy I f(x,y,2)dz

vi(xy)
3ameuanue. Eciiu o6nacte D 3a1ana HepaBeHcTBaMu
as<x< b,(l)l(x)ﬁ y < ¢2(x), rae ¢,,¢, — HenpepbIBHbIE QYHKIUH, TO
02(x)  walxy

JJ1£Cy. 2)dxdydz= I o Tay iy 2

¢1(x) ‘I’l(x:Y)
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Bunem 5.TpoliHbie uHmezpanbi 8 UUSIUHOPUYECKUX U

cghepuveckux KoopoOuHamax

Chopmynupyem o011yr0 TEOpEMY O 3aMEHE TIEPEMEHHBIX.

Teopema. Ilycts oTOOpaxeHue X = X(u,V,W), y= y(u,v,w),z = z(u,v,w)

YCTaHaBJIMBACT B3aWMMHO OJHO3HAYHOC COOTBCTCTBHUC MCKIY obnacTIMu

A,(u,v,w)eA 151 V,(x,y,z)eV, npudeM (QyHKIUHA X,y,Z — HEMNPEephIBHO
x o ox
ou Ov Ow

mupdepennupyembie u J = Yy % % #0 Hu B omHoil Touke A. Ilycts
ou oOv oOw
& oz oz
ou oOv oOw

f (X,y,z) — HenpepbiBHas pyHKuud. Toraa

mf (x, y, z)dxdydz = Iﬂf (o (ot, v, w), y(ee, v, w), 2(u, v, w) - || dudvdw

Kak u JJIA I[BOﬁHOI‘O HHTCIrpalia, TCOpEMa OCTACTCA BepHOﬁ B CJIydac

HapylIEHHs €€ YCIOBHI Ha MHOKECTBE HYJIEBOTO 00beMA.

IIpumep 1. Ilepexon k HMIMHAPUYECKUM KoopauHaTaM. OH

OCYILIECTBIISIETCS C MOMOIIBIO QYHKIUN: X =rcos(,y =rsin,z=2Z.

[Tpu 3TOM siKOOMaH paBeH

cos¢p —rsindg O

J=|sin¢
0

rcos¢p 0=

cosd¢ —rsin )
¢ ¢=rcosz¢+rsm2¢:r.

sin rcos
0 . o ¢

Ipumep 2. Ilepexon k chepuueckuM KOOpANHATAM OCYLIECTBIIACTCS

GYHKIMSAME X =TCOSPCOSY,y =1sinPpcos\y,z=rsiny.

SAxoOuan npeoOpa3zoBaHUs PaBEH

coshpcosy —rsinpcosy —rcosPsiny

J=|sinpcosy rcospcosy —rsindsiny|=

sin

0 rcosy

(pa3znoxxenue no 3-i cTpoke)

18



_rcoswcosd)cosw —rsind)cosw+sinw—rsin¢cosw —rcosfsiny|
sinpcosy  rcosdpcosy rcospcosy  —rsinsiny

(BBIACIUM OOIIME€ MHOXKUTEIN Y CTOJIOLIOB)

a3 cos¢ —sing , .,
=r"cos y| . + 77 sin” y cosy o=
sing cos¢ cos¢ —sing

—sing —cos¢

=r’cos’ y+r’sin’ ycosy =

=r’ cosw(cos2 y +sin’ \u) =1’ cosy
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Bbunem 6. KpusosnuHelHble uHmezpanbs! | muna

PaccmoTtpum cpsimiisiemyo (T.€. UMEIOILYIO JUIMHY ) KpUBYIO AB Ha IUIOCKOCTH
(4, B — Touku 110cKOCTH). JlJIs MPOCTOTHI, CYUATAEM, UTO TA KpUBas 3a/laHa
IIapaMETPUYIECKH X = x(t), y= y(t),t € [TO;T1 ], IpHYEM x(t), y(t) — HENPEPHIBHO
nuddepennpyemMbie Ha 0Tpe3Ke QYHKIIMU TaKUE, YTO KKIOMY 3HAUCHUIO
napameTpa COOTBETCTBYET €IMHCTBEHHAsI TOUKA KPUBOM.

Torpa mMHa KpUBOM BBIPAXKAETCS

dopmy o [ = j\/(x’(t))z +((0)dt. Tlon

pazouenuem T xpuBoit AB OyneM MOHUMATh

MHO€ECTBO To4UeK A= A4,,4,,....,4 =B,

JeXKAIIMX Ha 3TOW KPUBOM U 3aHYMEPOBAHHBIX

B HamnpasieHuu oT A x B. Ilycts Al, - nnuHa ydactka KpuBoul A, , A..

[Tycts dpynkuus f (M ) =f (x, y) orpezeneHa Ha KpuBoit AB. Beibepem Ha

Ka)KJIOM Y4YacTKe A4, , A, KpUBOM TOUKY M, U 00pa3yeM CyMMy
o(f,T,{M })= S f (M)Al , Ha3pIBaEMYIO UHMeE2PATLHOIL.
i-1

Onpenenenne. ITycts /e R. Ecn Ve > 036 >0 VT :d(T)< 6 Vi{M,}

‘O‘( /T, {M ,« })— 1 ‘ < &, TO BeIW4YMHA [ Ha3bIBAETCS KPUBOIUHETIHBIM UHMESPAN0M

nepgoco muna no kpusou AB n o6o3HavyaeTcs Tak: [ = I f (x, y)dl .
AB

Ba:xHoe 3ameuanue. Eciu Obl MbI coBepIlIanyu ABMKEHHE 110 KPUBOM HE OT A K B,

a oT B x A, T0 B pa3ouenun 7' ¢ BBIOpaHHBIMU TOYKAMHU

{M,} n3smennnace Obl TOJILKO HYMEPAIIHS OTPE3KOB U

TOYCK Mi , 4 CaMa MHTCrpajibHasd CyMMa HC USMCHWJIAChH

Obl, TOCKOJIbKY B €€ OnpeielieHuu (GUrypupyeT JUlllb

UIMHA A/, y4acTKa, KOTOpasi HE 3aBUCUT OT TOTO, B KAKOM
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HaIpaBJIECHUH TPOXOIUTCS YIaCTOK. ITO 03HAYAET, YTO j f (x, y)dl = '[ f (x, y)dl.
AB BA

B aTom BaxkHe#1Iee OTINYHE OT OOBIYHOTO OIPEICICHHOTO HHTETpaa,
KOTOPBIN MEHs1 ObI 3HAK MPY M3MEHEHUHU HAIPaBJICHHS 00X0/1a KPUBOM.

Chopmynupyem Teopemy, CBOJISIIYIO HOBBIN ITOKa 00BEKT - KPUBOJIMHEHHBIN
UHTETPpaj K OOBIYHOMY OTIPE/ICIICHHOMY MHTETpaly.

Teopema. I[lycts [ (M ) - HenpepbIBHAS HA KpUBOUM AB QyHKIHA (T.€.

Ve>030>0VM,,M, - TO4eK KpUBOW TaKUX, YTO PACCTOSTHUE MEXIY M, M,

f (M 1 )— f (M 2)‘ < ¢). Ilyctb xpuBas AB napameTpru3oBaHa TakK:

MEHBIIIE O,

x=x(t).y = y(e)t €[T,:T ], vae x{e). y(e).x'(¢). y'(¢) - nenpeprisibie na [7,: 7]

GYyHKIMH, TpHYEM Ka)KIOMY 3HAYEHHUIO IapamMeTpa COOTBETCTBYET €AMHCTBEHHAs

TouKa KpuBoi. Toraa I f(M)ds = j £(x(2), y(t))\/(x'(t))2 +(y'(2)) dt.

AB

Jloka3aTeJnLCTBO.

NHTerpaibHas cymma Z f(M)AlL = Z fm )]\/ (x'(t)) +(»'(¢)) dt nna

i=l1

KPHMBOJIMHEIHOTO HHTErpajia MePBOro THIIA OTIMYACTCS OT HHTETPAIBHOM CyMMBI
£ (el ) (e W) + (7)) A, s nmrerpana
j £(x(2), y(t))\/(x'(t))2 +(y'(¢))’ dt mamm Tem, uTo ]'\/ (x'(t))* +(»'(¢))’ ¢ HECKOIBKO

Ty iy

OTJINYAETCS OT \/ (x'(z,)) +(»'(z,))’ At,, umenHoO , 5TOT UHTETpaT paBeH

Jx(£)F +((&)) A, (reopema o cpemmen).
HetpyaHo nokasath, uto npu d(T')— 0 Opeaesl 3THX CyMM PaBHEI (CTPOroe
JI0KA3aTeIbCTBO OIMYIIEHO). DTO 03HAYAET, YTO TeOpeMa JI0Ka3aHa.
OTmeTuM, 4TO U3MEHEHHE HAMpaBlieHUs 00X0/1a KpUBOI 03HavaeT
OJIHOBPEMEHHYIO CMEHY MPEICJIOB UHTETPUPOBAHMS U 3HAKA BEJIMUUHBI df, UTO HE
V3MEHSIET BEJIMYMHY MHTETPAJIa B IIPABOM YaCTH 3TOI'0 PABEHCTBA.

N3 cBOMCTB KPUBOJIMHEWHOTO UHTETPAJIA OTMETUM CIIEAYIOIINE 2 OCTAIbHBIX:
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Lo [ufi(M)+ A, f,(M))dl = 2, [ f,(M)dl + 2, [ £,(M)d! mipm ycsoum, uto

AB

cymectByior [ (M3l u [ f, (M.

2. Ecnmu AB, BC - kpuBbI€, yIOBIETBOPSIOLINE YCIOBUSIM TEOPEMBI, TO

jf(M)dl = If(M)dl+ If(M)dl_

CBOWCTBO 2 MO3BOJIAET ONPEAETUTh KPUBOIMHENHBIE HHTETPAJIBI 1-r0 THIA IS
KyCOYHO-TJIAJIKUX KPUBBIX (T.€. KPUBBIX, COCTOSIIIIUX U3 KOHEUHOT'O YHCIIa YaCTeH,
Ka)K/J1asl U3 KOTOPBIX YJIOBJIETBOPSAET YCIOBHIM T€OpEMBI). B 4acTHOCTH, MOKHO

ONPEAECIUTh KPUBOJIMHEWHBIN UHTETPaJl U JIJIs1 3AMKHYTBIX KPUBBIX.
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Bunem 7. KpueonuHeliHbie uHmezpansi Il muna

PaccmoTpum kpuByto AB, KOTOPYIO TOKA CYMTAEM HE3aMKHYTOM.

Yy
B

i
I
|
|
I
i
I
i
1
1
b

L B e B

[TycTh IPOEKIMs ITOM KPUBOM Ha OCh X NPECTABIIAET cO00i 0Tpe3oK [a;h].
[TycTth TOUKH 4,,..., A, JaI0T pa3dueHne kpuBoi AB. PaccMoTpuM WX MpoeKIuH

Xgsmn X, » JEIKAIIME HA OTPE3KE [a;b] M 0003HAUNM Ax, = x, —x, ,i=1,...,n.

[Tyctb P(x,y) - onpenenena Ha AB. Ilycts M, - TOuKa, Jexalas Ha KpHBOM

MeXy A4, , u A4,. [lonoxum azZn:P(M A, .

i
i=1

Onpenenenue. [Tycts / eR. Ecnu Ve 37:d(T)< 5 V{M, | |o—1|<&, T0 roBopsr,

41O [ - 3TO KPUBOIUHEUHBIU UHMESPAT 8MOPO20 MUNA IP(x, y)dx .
AB

TouHo Takxke, paccMaTpuBast IPOEKIUK Ha OCh Y, OIPEICITUM J.Q(x, y)dy .
AB

WuTerpan oOiiero Buia IP(x, y)dx + Q(x, y)dy oTnpeesieTcs, Kak CyMMa 3TUX
AB

JIBYX UHTETPAJIOB.
Brruncnenne KpuBOJIMHEWHOTO UHTErpajia 2-TO TUIA POBOJUTCA B

COOTBCTCTBHUH CO CJIGI[YIOHICfI TCOpCMOﬁ.

Teopema. [Ipu ycloBUsSIX TPEIBIIYILEN TEOPEMBI Ide +Qdy =
L

= F PG, ) (0)+ Ol o)y (e

Ty

Teopema 6e3 qoKa3aTeILCTBA.
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IIpumeuanue 1.

a) Eciu kpuBas L 3a1aHa ABHBIM YpaBHEHUEM y = ¢(x), a<x<b, T1€ ¢(x) -

HernpepsiBHO Auddeperiupyemas GyHKIM, TO Ipeablayias Gopmyia
b b
IIPUHAMAET BUJ: Ide +Qdy = jP(x, ¢(x))dx + jQ(x, #(x))'(x )dx .
L a a

b) Ecnu L 3agana ypaBHEHUEM X = l//(y), c<y<d,To Ide +Qdy =
L
d d
=[Py ')y + [ Ow (), y)dy.
¢) Ecmu L - oTpe3ok npsMoit x = x,,, TO .[de =0 s mo0oit hyHKIMU P,
L

€CJIA L - OTpe30K NpsAMOU ) = y,, TO I Ody =0 nns moboit pyukiuu Q.
L

IIpumeuanne 2.

dx

[IycTp « - yroma, cocTaBiIsiEMbI BEKTOPOM KacaTEIbHON K KPUBOU U

MTOJIOKUTEIBHBIM HAITPABIEHUEM OCH X. Torna dx =dscosa, dy = dssina . [loaTomy

.[de+Qdy :I(Pcosa+Qsina)ds.
L L

3aMeTHM, 4TO TPU U3MEHEHNH HANPABJICHHUS 00X0/1a yroJl o U3MEHSETCS Ha
7+a . IIpu 910M cos(z +a) = —cos a, sin(z +a)=—sin &, 1 UHTErpaj B IPABOM YaCTH

HAIIMCAHHOT'O BBIIIC PABCHCTBA MCHSCT CBOM 3HAK.
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IIpuMmeyanue 3. B ciaydae npoCTpaHCTBEHHON KpUBOM L:

X = x(t), y= y(t), z= z(t), rae x,y,zx',y',z' - HenpepsiBHbIE Ha [T,;7, | QyHKIMY, a

f - HenpepbIBHA Ha L, TO J' f(M)ds = T L) v(e), 2O +((0)) + () at -

AHanoruyHo, y1s1 HenpepbIBHbIX Ha L pyHkmil P,Q,R numeeM _[ Pdx + Qdy + Rdz =
L

= I (P(e(e). (0). 2(e))x'(6)+ Q(x(e), p(e). 2(0)y"(6)+ R(x{e). y(e). 2(e))z " (0))ar

IIpumeuanue 4. ['oBopsT, 4TO HA 00MacTH D — R? 3aJ1aHO 8ekmopHoe none

F =(P,0), eciu Kaxi0ii Touke (x,y)e D comoctaieH BekTop (P(x, y),0(x, y)).
O603H24uM 7 =(x, ) - pafldyc-BEKTOp TOUKH (x,y) U dr = (dx,dy). Torma

Pdx + Qdy = (P, Q)- (dx, dy) (ckanspHOE Npou3BeieHre) = F -dr . [Toatomy

Ide + Qdy = jF -dr . VI3 ¢bu3mku U3BECTHO, YTO 3TA BEITMYMHA TPEICTABIISET
L L

co06oii paboTy cHIbl F BJOJb KPUBOIA L.
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bunem 8. ®opmyna NpuHa
Orta ¢popmyia obobmiaer popmyny Herorona-JleriOnuiia.
Teopema 1. Ilycts G - kpuBonuHelHas Tpaneuus: a < x < b, @, (x) <y<4, (x),
rae ¢,(x),4,(x) - HenpepwiBHO MU depenuupyemble Ha [a; 5] GyHkmuu, L - rpaHuna
3 obnactu G u HampaBiieHue ooxona L

BBIOpAHO Tak, 4To 061acts G ocTaercs

CJICBA.

ITycts P(x,y), g—P(x,y) e C(G).
Y

R
= = = -

- 2 >x Torma §de = —”—dxdy

3Hak § 03HA4aeT, YTO KOHTYP UHTETPUPOBAHUS L - 3aMKHYTBIM.
L

b x
Joka3aTeabcTBO. Bhrancimm ”Z—P dxdy = j dx J. Z—de
c Oy

4 (x)

OP
[Ipu kaxa0M QUKCUPOBAHHOM x € [a;h] BENMUMHA — ONpPENENAeTCs, Kak

MPOU3BOJIHAS IO y PYHKIIMK OT OAHOM mepemMeHHoH y, P(x,)). [loatomy nipu

Ka)KJI0M X mpuMeHnMa popmyiia Herotona-JIelibHuna, cornmacHo KOTopon
) op
I —dy = (x, o, (x)) — P(x, @ (x)) . [Toatomy

4(x) OY

150y = [P (5) P ) = | Pl (s~ Pl ()t

Pa3o6neM kpuByto L Ha 4 ydyacTka.

L. CornacHo ¢) u3 npumedanus 1
npeapaymero naparpada,
[ Pax=0, [ Pdx=0.

L, L,

L, ITo mpaBuiy u3 a) npumeyanus 1,

26



b

IP X,y )dx = J.P x,¢,(x))dx, J.P x,y)d —IP(x, #,(x))dx . TToaTomy

j;de J.de+ .[de + J.de + .[de = —I P(x, ¢, (x))dx+ + j: P(x, ¢, (x))dx = —gg—idxdy .

Ly

Teopema 2. ITycts G - kxpuBonuHeiHas tpamnenus c<y<d, y,(y)<x<w,(y),

rae v, (v) v,(») - HenpepaIBHO

A nuddepenuupyeMele Ha [c;d | GyHKumm,
:_.L-“ ) L - rpanuIia, a HanpaByieHue ooxomaa L
W,y
BBIOpaHO Tak, 4To (G ocTaercs clesa.
L,
I, 50
o Tlyers Ofxy) —=(x.y)e C(G).
o0
Torna dey = IG J'a dxdy .
a y d
J10Ka3aTeJIbCTBO. ” dxdy jdy I j Oy, (), y))dy =
G y
d d
= [0y, (v) y)dy = [ Oy, () ¥)dy = [ OCx, y)dy+ [ O(x, )y + [ Ofx, y)dy +
c c L L, Ly

+ J-Q(x, y)dy = §Qdy. Teopema gokasana.
L

Ly

Caeacrue 1. Ecin o6nacts G MOKHO NPECTaBUTh KaK B BUJIE€ Tpaneluu

a<x<b, ¢ (x)<y<g,(x), rae 4 (x).é,(x) - HempepsiBHO MU PEPEHIEPYEMBIE HA
[a;b] bynkun, Tak v B BUne c<y<d, v,(y)<x<w,(y), rae v,(y).w,(y) -

HenpephiBHO AuddepeHumpyemble Ha [c;d] pyrkuuu, L — rpanuna G, npu4em npu
oP
ee 00xoje obdmacte G ocTaeTcs ciaeBa, TO §de+Qdy ” (__G_Jd dy.
X

IIpumeuyanune. O6acTy, yI0BIETBOPSIOLUIUE YCIOBUSAM CIEACTBUSA | - ABIIeHHE

oObraHoe. Hampumep, kpyr x* + y* <1, OrpaHUYCHHBIN OKPYKHOCTBIO x° +y° =1,

MOXKHO 33JaTh TaK: —1<x<1, —v1-x” < y<+4/1-x’, a MOXHO H TaK:

—1<y<], —1-p> <x<y1-yp7 .

27



CaencrBue 2. Ecniu 061acts G MOXKHO pa3OUTh KyCOYHO-TJIAJKUMU KPUBBIMH

Ha KOHEYHOE YHCIIo 001acTeil, y10BIETBOPSIONINX YCIOBUAM cieacTBus 1 u L -
rpanuia G, Ipu4eM HampaBlieHHe 00XoAa BIOpaHO Tak, yTo 0obnacte G ocTaeTcs

CJICBA, U Pu Q YAOBJICTBOPAIOT IICPCUUCICHHBIM BBIIIC YCIOBUAM, TO

Joka3zareabcTB0o. OrpaHuuMMCs Cilydaem, korja oonacts G pa3duBaeTcs Ha 2

4acTu G, u G,, YIOBJICTBOPSIOIINE YCIOBUAM
cnenctBus 1, kpusolt I'. [lycts L, orpanuumBaer G,, a

L, orpannuuBaer G,. Torma §de +Qdy = 35de +Qdy +
L

L

+ §de+ Qdy , IOCKOJIBKY L, - 3TO 4acTh L u kpuBas I,
L,

a L, - octaTok L u kpuBas I', HO MpoxoaumMas B

IIPOTHUBOIIOI0KHOM HANPABJICHUH (IIOATOMY UHTETPAJIbI

10 9TUM J100ABJIEHHBIM y4aCTKaM COKPATATCS).
3ameuanue. MoxxHo noka3ats popmyiy ['puna 11 obmacTeil, orpaHUUYEeHHBIX

3aMKHYTBIMU KYCOUYHO-TJIaAKNMHU KPHUBBIMHU.
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Bbunem 9. Ycnoeusi Hezasucumocmu KpueonUHeaHoeo UHmMmeepasa
om ¢popMbI Mymu uHmMe2pupoesaHusi Ha nyIocKkocmu
[Tycts D o0nacTh. OTa 00JaCTh HA3BIBAETCA OOHOCBA3HOU, ECITU BMECTE C
JTHO0BIM 3aMKHYTBIM KOHTYpPOM L , JISKAIIUM B D, OTpaHHYMBaeMasi KOHTypOM L

0051acTh G TaKXXe IEITMKOM COACPKUTCSI B D .

[Ipumep oaHOCBs3HOM oOnacTu: kpyr IIpumep HEOTHOCBSI3HOM 001aCTH:
KPYT C BBIKOJIOTOM TOUKOH. G
COJIEPKUT BBIKOJIOTYIO TOUKY, & D -
HET, CJIEIOBATEIbHO G HE BXOJUT B

D 1IE€IUKOM.

oP 20 _

C(D). Ycnoaue,
oy 8x

Teopema 1. ITycts D - ogHOCBs3HAs 001acTh, P,Q,—

410 VL < D MMEET MECTO paBeHCTB0§>de +Qdy =0 paBHOCWJIBHO TOMY, YTO BCIOAY

B DTOI 00J1acTH 9 = a—P.
ox Oy

Jloka3aTeJLCTBO.
aQ _op

1. <. Ecnu Bcrojiy B D BBITIOJIHEHO PABEHCTBO —— o , TO VL 10 hopmye
X Y

['puna it;de +Qdy = J.J. (a—Q—Z—Pdedy = ”0 ~dxdy =0.
o4 D
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2. =. IIpeamnosoxuM, 4To B 001aCTU D €CTh TouKa (x,;y, ), B KOTOPOH

0 oP 0 P
X_o°, 0. ITycTh, I ONpENEIeHHOCTH, 0 ok (xy57,)=c>0.
ox oy ox Oy
Torma CyIecTByeT OKpeCTHOCTh TOUKH (x,; Y, ), B
§ 00 opP c
KOTOPOI 3HAYEHUS — —— OOJIbILE, YEM — .
ox Oy 2

Bri6epem B 3TOM OKPECTHOCTH OKPYKHOCTD I,

paguyca & ¥ pacCCMOTPUM §de+ Qdy .
r.t:

Q ok

IT r =
o dhopmyne 'puHa ;Ede +Qdy ”( oy

dedy > %HH.(DS )= %nez >0. 910
MPOTHBOPEYHUT MPEAMOTIOKEHUIO O TOM, YTO §de+ Qdy momxeH ObITh paBeH 0.
T,

Onpepenenne. [lyctes D - obnacts, '« D, T' - KOHTYp. byaem roBoputb, 4To

dex+Qdy He 3aeucum om ¢opmsl nymu 6 D, ecniu VA,Be D, VI,,[, - KOHTYPOB C
r

HayajoM B TOUKE 4 U KOHIIOM B Touke B, I <D, I', =D dex+Qdy = Ide+ Qdy .
n T,

Teopema 2. [Tycts D - 0651acTh. Y CJIOBUE HE3aBUCUMOCTH J'de+ Ody ot
r

(GbopMbI IyTH B D paBHOCHIILHO TOMY, YTO JJIA JTIOOOTO 3aMKHYTOI'O KOHTYpa

LcD §de+Qdy:0.
L

Jloka3aTeJnLCTBO.

1. (=). Ilyctb unTErpas HE 3aBUCUT OT (DOPMBI ITyTH U MMYCTh L - 3aMKHYTHIH
KOHTYp B D. BriOepem Ha L J1Be MPOU3BOJIbHBIE TOUKU A U B U

paccMOTpUM
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COCAUHAOIIME 3T TOYKHU YaCTH KOHTYypa L,
HaszoBeM ux I, ul,. Ilpu aTtoM L coctout u3 I', u
MPOXOAUMOI0 B IIPOTUBOIIOJIOKHOM

HanpasJjeHuH KoHtypa I,. [1o ycnosuro,

[ Pdx+Qdy = | Pdx+Qdy . 3naqnr,

N I

§de+Qdy: dex+Qdy—j-de+Qdy=0.
L

h I

2. («<). Illycrp nos moboro koHtypa L < D j?de +Qdy=0.
L

A)B cnyuae, ecnu T, ul',, COEIUHSAIONTNE TOYKU A, B, HE UMEIOT IPYTHX OOIINX
TOYEK, TO, KaK U B PEAbIAYLIEH YacTH, L
COCTOWT M3 I, U NPOXOAUMOM B

IIPOTUBOIIOJIOKHOM HarpasieHuu I,. [loatomy

0= jﬂde +Qdy = J'de + Qdy - fdex + Qdy, OTKya
L

L I

J-de+Qdy= j-de+Qdy.

n I

B)Ecnu ', u', ©UMEIOT KOHEYHOE YHCIIO OOIHNX TOYEK, KpoMe 4 U B, TO MOXKHO

MIPUMEHUTH MYHKT 2A K KaKJIOMY

p  HOIYYCHHOMY KOHTYpY, HHTErpas 1o
KOTOPOMY B CBSI3U C IPEANIOIOKEHUEM
paBeH 0, 1 TOATOMY ISl KaXK0M TaKoi

IIOJIYYEHHOM 4acTH Ide +Qdy = dex + Qdy .

4! 72

B)Cinyuaii, korna kpome 4 u B KpuBble I, ul, UMEIOT OECKOHEUHOE

MHOXECTBO O6IHI/IX TOYCK, MBI OCTaBUM oe3 J0Ka3aTCJIbCTBA.

B nannHOM TEOpEME OTHOCBI3HOCTH HE BaXKHA.

Comnocrasiisisi TeopeMy 2 ¢ TeopeMoH 1, moyyaem cie/icTBHE.
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CaenctBue. [1ycTh D - ogHOCBs3HAs 00J1aCTh. Ide + Qdy HE 3aBUCUT B D OT
r

GbopMBI MyTH UHTETPUPOBAHUS TOT]Ia U TOJIBKO TOT/1a, KOTJia B 3TOM 00J1acTH

oQ oP
BBITIOJIHACTCA TOXKAECTBO —=—.
ox Oy
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Bunem 10. lNpu3Hak nosiHo20 dughghepeHyuasna Ha niIocKkocmu

Ecmu u(x,y) - auddepenuupyemas GpyHKIHS ABYX MEPEMEHHBIX, TO €€

muddepeHuman du = Z—udx + Z—udy. BrrsicHuMm, npu Kakux yCIOBUAX Ha (PyHKIUU
x Y

P,Q cymecTByeT Takas QyHKUUS u , 4TO Pdx+ Qdy = du, T.€. Z—u = P,Z—u =0.B
x v

0’u 0%u

oyox  Ox0Oy

MMPCAIOIOKCHNHN HCIIPEPBIBHOCTHU CMCIIAHHBIX ITPOU3BOAHBIX:! 501041

00 oOP
a— = 6_ . I[OK&)KCM, 4yToO €CJIIn D - OJJHOCBsA3HAs O6HaCTB, TO BCPHO U O6paTHOC.
x Oy

oQ

Teopema 3. Eciin . = %D B OJTHOCBSI3HOM 00J1acTH D, TO CYILIECTBYET u(x, y)
X

Takas, 4to P :a—u,Q = a—u
ox

oy

Jloka3aTeJnLCTBO.

=>CMOTpPHU NEPE]T TECOPEMOM

<=B03bMeM MPOU3BOJILHYIO TOUKY A(x,,y,) U PACCMOTPUM IIEPEMEHHYIO TOUKY
B(x,y) v m00YI0 KpUBYIO ', COEMHAIONLYIO0 4 C B.

[To cneacTBUIO TEOPEMBI 2, j Pdx + Qdy 3aBUCHUT TOJIBKO OT KOHCUHOM TOYKHU
r

B(x,y) W, 3Ha4MT, €CTh HeKOTOpass GyHKIMA u(x,y). [Tokaxem, uto u(x,y) -

rckomas QPyHKLuS, T.€. Z—u = P,a—u = Q. JI1st 5TOro pacCMOTPHUM TOUKY (x + Ax,y) U
X

oy

paceMoTpuM u(x + Ax, y)—u(x,y)= Ide +Qdy, e T’ - OTPe30K MPAMOIA,
’,

coequusromei Touku (x + Ax, y)u(x, y). Ha aToM oTpeske dy=0 u

x+Ax

j Pdx + Qdy = I P(x, y)dx . IIpuMeHsIsl TEOPEMY O CPEJIHEM, MOTyYaeM (BBHLY
r X

X+Ax

HENPEPBIBHOCTH P ), UTO J.P(x, y)dx = = P(x+6Ax,y)-Ax,Tae 0< 6 <1. Toraa

u(x+Ax,y)—u(x,y)_ . u(x+Ax,y)—u(x,y)_ . _
. = P(x+Ax, y). Alglo ™ = EIB) P(x+6Ax,y)= P(x,y).

Jns O noka3aTeabCTBO aHAJOTHYHOE.
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- o P
3ameuanne. Eciu BekTopHOE mosie F = (P,Q) 00ia1aer CBONCTBOM Z—Q = g— B
X y

OJTHOCBSI3HOM 00J1aCTH D, TO TOBOPST, YTO F - OTEHIMAJILHOE TI0JIe U HAWICHHAS

GyHKIUS u Takasi, 9TO Z—u = P,Z—” =0, T.e. F=Vu(F=gradU), Ha3zpIBaeTcs
X y

nomenyuanom mons F .
Caencrpue. B noteHnmaibHOM moJie paboTa BJ0Jb JTF0O0r0 3aMKHYTOTO

KoHTypa paBHa (. Boobie, ecnu I' coequuser 4u B, TO pabota F BONb T paBHa

[ = [ s+ 0dy = [ Py e+ O y0)y bt = [ 22 (x0) (0o +

Ty T

T

+ O o)yl et = [ OID () 1) - el ) (7, ) = (B) (). T

a I dr

paboTa paBHA Pa3HOCTH MOTCHITUAIIOB.

IIpumeuyanue. Y CI0BUE OJHOCBA3HOCTH CYIIECTBEHHO.

y Hanpumep, ecnu 001acTh D HE COINEPKUT
Hayaja KoopJauHaT, TO VL < D 1 BBIIIOJIHCHO

xdy — ydx o
PaBEHCTBO §& =0. JIeHCTBUTENBHO,

2
Xty

Q[ —y jz(—xz—yz)—Zy(—y): y -y
oy\x?+y? (x2+y2)2 (x2+y2)2’
0 X _x2+y2—2x-x_ y:—x’

ox\ x* +y? B (x2+y2)2 _(x2+y2)2.

oQ

oP o
T.o. ycioBue = = 5, BPIIOTHEHO BO BCE ob0nactu D (KOTOpasi He COIEPKUT
X Y

Touku (0;0)).

C npyroit CTOpOHBI, MyCTh D COAEPKUT (0;0).
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&

PaccMoTpum T, - OKpY>KHOCTb pajuyca ¢,

coaepxkamytocs B D . [Tapamerpusyem oty

x=¢cost, 05t<2rx
OKPYKHOCTb: . Torna

y =¢&sint

jxdy—ydx 3
2 x2 +y2

s

27!( : : 2z

SCOSI-8COSI+{;‘SIHI-8SII’IZ)

= B e dt = [dt=27#0.
0 g cos" t+e sin" ¢t 0

DTO CBSI3aHO € T€M, YTO 00JIaCTh, B KOTOPOU

P 80

0
HETIPEPBIBHBI P, Q,a,a— MHOTOCBsI3Hasd.
X
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Bunem 11. lMnow,adb noeepxHocmu, 3a0aHHOU sIBHbIM ypPagHEeHUeM
1. lloeepxHOCMHbIE UHMez2parn.l.

CHauanma pacCMOTPUM NPOCTEUIIMI Cilydyall TOBEPXHOCTH S, 3aJIaHHOU

SIBHBIM ypaBHEHUEM z = z(X, y), (x,y) € D, (1)

rae D - miockas obOmactb. [lpumepamMu TakuxX NOBEPXHOCTEH CITy»Kat
u3y4eHHble Bamu B Kypce aHaIMTUYECKO T€OMETPUU TJIOCKOCTH U MapadoIOUabl,

MHOTHE Jpyrue noBepxHocTd. [Ipeanonoxum, 4to GyHKIUS z(x,y) U €€ YacTHbIE

0z Oz
MIPOU3BO/IHBIE PR HEMpepBIBHBI B 001acTu D. DT0 OyAeT KpaTko 0003HA4YaThCs
X oy

Tak: ze C'(D).
Ilycts  (x,,v,,2z,) €S, Te. z,=2z(x,,y,). YpaBHEHHE KacaTeIbHOU

IIJIOCKOCTHU K HOBerHOCTI/I B 3TOI>1 TOYKEC nMeEeeT BU/:
0z oz

Z—Z,= _(xoayo)(x_xo) +_(xoayo)(y_yo) .
ox oy

Janee B aTom naparpade Mbl OyaeM sl KpaTKOCTH 0003HaYaTh

0z oz
z, = a(xo, Vo) 2, = 5(%, y,) . HanmomHuMm, 4t0 B 00I111€M ypaBHEHUHU IIIOCKOCTH

A(x—x,)+B(y—y,)+C(z—2z,)=0 uncna A, B, C npeacTaBistoT co00i KOOPIUHATHI
NEPIECHAMKYISPHOrO K 9TOM IJIOCKOCTH BEKTOpA. 3HAYMT, (z),z),,~1) -
HOPMAJTBHBIN BEKTOP K TOBEPXHOCTH S B TOUKE (X, ,,Z,) - ITOT BEKTOP, BOOOIIIE

roBops, HC CHHHHHHLIﬁ. YtoObI CACIaTh €T0 CAMHUYHBIM, €TO CJICAYCT YMHOXHTDH

Ha OAUH U3 HOpMI/Ipy}OH_[I/IX MHO)KI/ITGJIGI‘/IL T.€. HA OJHO 13 YUCCII
N 1
r1\2 r\2
JE) +(2)) +1

. HTaK, ABa CAMHUYHLIX BCKTOPAa HOPMAJIK K IIOBECPXHOCTH B
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paccMaTpuBacMOM TOUYKE UMEIOT BUJ:
—z! -z, 1
JEP HE) +TJE) +ED)T +1 () +(2) +1

z' z' -1

RWESS ES JED HE) @)+ (2) +]

HBBGCTHO, 4TO KOOpAWHATBI CAUMHUYIHOI'O BEKTOPA — 9TO KOCHUHYCBI YIJIOB,

n =

S|

2

COCTaBJIIEMBIX 3TUM BEKTOPOM C OCSIMH X,),Z (T.€. C MOJIOKUTEIbHBIMU
HaIPaBJICHUSIMU 3TUX OCEil), COOTBETCTBEHHO. [1ycTh

n, =(cosa,,cos f,,cosy,), n, =(cosa,,cos f5,,cos y,) . O4eBUIHO, UTO 7, = —7, .
DTO 03HAYaEeT, YTO CIPABEUINBBI PABEHCTBA &, =7 + ,, B =n+ B, y, =7+ },.

[Ipeanomnoxxum, 4To MbI paccMaTprBaeM pasouenue 7 3Tol MOBEPXHOCTH Ha
4acTH S; KyCOYHO-TIaAKUMU KpuBbIMU. [loa ouamempom muoocecmea S
MIOHUMAETCS] TOUHASI BEPXHSSL FPaHb PACCTOSTHUM MEXIY TOUKAMH 3TOTO
MHOXeCTBa. /Juamemp pazouenuss T — 3T0 HauOOIBIIUN U3 TUAMETPOB

noyuyuBImxcs yacret. O6o3navaror ero d(7).
B kaxoil mosrydeHHON 4acTH MOBEPXHOCTH BBIOEPEM TOUKY (x,,V,,Z,) U

PaCCMOTPUM KAaCaTCJIbHYIO INIOCKOCTD K ITIOBCPXHOCTHU B ATOM TOUKE. HepecequI/m
KacaTeJIbHBIX INIOCKOCTEM OIrpaHUYaT MHOT'OYT'OJIBHUKH, KOTOPBIC 06pa3y}0T
«IMAaHIUPb>» Ha TOBCPXHOCTH. 10T «IIaHOHUPb» COCTOUT U3 IIJIOCKUX
MHOI'OYI'OJIbHUKOB H, CJICAOBATCIIbHO, HMCCT IJIOIIAaAb, PABHYIO CYMMC nnomaz[eﬁ

COCTaBJIAIOIIUX €TI0 MHOT'OYI'OJIbHUKOB.

Ecnu npu ctpemiiennu k 0 auameTpa pa3OueHus MI0Maau «ITaHIUPer»
MMEIOT KOHEUHBIN MPEJIEN, TO OH U HA3bIBACTCS IIONIA/IbI0 OBEPXHOCTU. DTO
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oTpe/ieNIeHUE MO3BOJISET JIETKO HAUTH (POPMYITY JUTsl BBIYMCIICHUS TUIOIIA U
IIOBEPXHOCTHU. PacCMOTPUM IIIIOCKUI MHOTOYI'OJIBHUK, HOPMaJlb K KOTOPOMY

UMEET HaAIPaBJISIONUME KOCUHYCHI (COos &, cos [3,cos ). MoxeM cuuTarh, 4To
cosy >0.

bes  orpanwdenumst  OOMIHOCTH,  JOCTATOYHO

paccmarpuBaTh MPSAMOYTOJIbHUK, IIPUYEM, U1

MMPOCTOTLI, CUUTACM, YTO €ro IPOCKIOHUA Ha IINIOCKOCTb

Ay
z=0 €CTb IPSIMOYTOJbHHK CO

A CTOpOHAMHU Ax,Ay, a CaM OH HUMEET

x CTOPOHEI Ax,Al.

Torma Ay = Alcosy u

n1(S) = Ax- Al =25 (cosy > 0).
cosy

Ax - Ay
|cos 7| '

B o6mem ciydae na(S)=

Ecnin  Hopmanu  BeIOupamuce B Toukax  (x;,y,,z;), TO  IYyCTb

(cosa,,cos f.,cosy,) — MX HampasisiomMe KocuHycbl. COIJIacHO CKa3aHHOMY

BBIIIIE, IUIOIIALb «IIAHIUPS» €CTh Znﬂ.(Sl.)=Z|Ax"Ay l| Drta CcymMMa SBIISIETCS
i-1 i=1 [COSY;
. o o dxdy
UHTErpabHON CYMMOH JUIsi JBOWHOTO HHTErpajia .[J'| B Kak ycraHOBICHO
3 [cosy
2 2
1
BBIIIE, |cosy|= , TOITOMY Szn (%j + & + ldxdy .
2 5 |\ ox oy

(azjz oz
— | +|— | +1
ox oy

2. Mnowadb nogepxHocmu, 3a0aHHOU NnapamMempu4ecKu

YacTo MOBEpXHOCTHU 3a7aHbl MAPAMETPUUYECKUMH YPABHEHUAMU
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x =x(u,v)

y=y(u,v), tae (u,v)eA, a A - HeKoTopas Iulockas obnacte. IlycTh
z=2z(u,v)
x,y,zeC'(A).

!/ ! !
o Xe Vi 2
Kpome Toro, mycTsb B 11060¥ TOYKe A paHr Matpuusl | , ' | paBeH 2. OT0

!

X, Yy, z

O3Ha4acT, 4TO B JIFO00M TOUKE A XOTS OBI OJIMH U3 MHUHOPOB BTOPOT'O IMOPAIKaA

! !
. N XY
3Toif MaTpubl He paseH 0. Ecin, ckaxem, B HekoTopoi Touke C=| * "~ "/# 0, 10

X, ),
ATO O3HAYaeT (BCIIOMHUM CHOPMYJIMPOBAHHYIO B KOHIIE BTOPOTO CEMeCTpa

. x =x(u,v)
TEOpPEMY O CUCTEME HESABHBIX (PYHKIIHI), YTO YpaBHCHUS MOYHO

y=y(u,v)

PEIINTh, BBIPA3UB B OKPECTHOCTH 3TOM TOUKHU MIEPEMEHHBIE u,v YEPE3 MEPEMEHHBIE
X,y, T.€. IOJY4YUTh PABEHCTBA BUAA u = u(x, ), v=v(x,y). [logcraBus atn
BBIPQXKCHUS B YPaBHEHUE z = z(x, y), HOJIyYHUM ypaBHEHUE

z =z(u(x,y),v(x,y)) = Z(x,y), T.€. B OKPECTHOCTH pacCCMaTPUBAEMON TOUKHU

MOBEPXHOCTh MOXKET OBITH 3aj7]aHa SIBHBIM ypaBHeHHeM Buaa (1).

o &
(Ecin A = gy” gg # (0, TO ©UMeeM, 110 aHAJIOTUH, X = X(y,z), a €ClH
o v
o e
-B= g?c g’; #0,10 Y =Y(x,2)).
o ov

x(u,v)
O003HaYUM 7(u,v) BEKTOpP | y(u,v) |. PACCMOTpPUM MPOM3BOJILHYIO TOUKY

z(u,v)

(u,,v,) € A. 3aduKcUpyeM cHavaia v, U paCCMOTPUM 7(u,v,) — KPUBYIO Ha
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_or oy o o
nosepxHocTu. Torga 7, = a_(uo’v‘)): “(uy,v,) | — BEKTOD KacaTeabHOM K 3TOM
u

. _ or o oo
KPUBO#. AHAJIOTUYHO, 7, = a_(uo’VO) - BEKTOp KacaTeJIbHON K KPUBOH 7(u,,V).
1%

HOpMaJ'IB K ITOBCPXHOCTH ABJISICTCA HOPMAJIBIO K KacaTeJIbHOM MJIOCKOCTH U

a v o
NEePIECHAUKYJISIpHA 7, U 7,. Y CIIOBUE rg ‘gx gz GZ =2 O3HAYaeT, uTo 7, U 7, HE
v v oy

napajuiesbHbl. [109TOMy B KauecTBE HOPMAIBHOTO BEKTOPA MOKHO B3ATh 7, X 7,

(BEKTOpHOE TIPOU3BEACHUE) U

i k| |y Oz 0z Ox ox oy

oy o2 _\ou £;+a_u au]-+a_u ou
ou ou ou|l |0y Oz 0z Ox ox 0Oy

o % Oz| |av avl lov ovl lov ov
ov Ov Ov

k = Ai + Bj + Ck . Torma equHUYHBIE

A B C
+J A% + B +C> ’i\/Az +B*+C? ’J_rx/A2 +B*+C?

BEKTOPBI HOPMaJIU PABHBI , Ipn

ATOM BBIOOPY BEpXHEH HOPMaJIM COOTBETCTBYET BBIOOP TOTO )K€ 3HAKA, UTO U 3HAK
yucia C, nepej; KopHeM (IMTOCKOIBKY Toraa cosy > 0).

Ecim moBepXHOCTH 3a/1aHa MapaMeTPUIECKHU, TO, KaK YKa3bIBAJIOCh BBIIIIE MPH
c(hopMyIMPOBAHHBIX YCIOBHUAX, B OKPECTHOCTH JIFOO0M €€ TOUKH €€ BO3MOKHO
3a71aTh SIBHBIM YpaBHEHUEM (z = z(x,y) WIH x = x(y,z) WKy = y(x,z)).
[Ipenmnonoxum, 4TO MOBEPXHOCTH, 3a/laHHAS TAPaAMETPUUYECKH, MPEJICTABISIET
c000if KOHEYHOE 00BETMHEHHE YacTeH, KaXKask U3 KOTOPHIX 3a/1aHa sIBHBIM

YPaBHEHHEM, U PACCMOTPHUM OJIHY U3 €€ 4acTeu, I KOTOpOoH z = z(x, y), (x,y) € D.
o dxd -
Torna momanb 3TOM 4acTH, MO JOKAa3aHHOMY BBIIIIE, paBHA ”|_y . [lepeliném B
cosy
D

9TOM HUHTCTPAJIC K ICPCMCHHBIM U, V, YUHUTBIBAS, YTO SIKOOMaH InepexoJa — 3TO KakK
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q
NA* + B+ C*?

0o05acTh A, Ha IJIOCKOCTH (u,v). Torga mo reopeMe 0 3aMeHe MePEMEHHBIX,

My e (VB i

pa3 onpenenutens C, a [cosy| = U MyCTh 007acT D COOTBETCTBYET

'3 |cos 7| NA*+B* +C?

Jlerko nmpoBEpPUTEH, YTO B CIIy4ae yPaBHEHHUS x = x(y,z) WIH y = y(X,z) TOIYYUTCS

UHTETpaJl TAKOTO JKe BHJIA! ”\/A2 +B*+C*dudv,i=1,2
A;

OObennHAs BCEe MOTYyYEHHBIE YACTH, MTOJIydaeM OOUIYIO TUIONIa/1b

H\/A2 + B’ +C’dudv,T/Ie A - Bcs 00J1aCTh H3MCHEHHS ITApaMETPOB
A

(u,v), A=Ay UA, UA,.

OTMeTuM, 4TO BBIpaKeHHE A° + B’ +C’ MOXKHO IpeoOpa3oBarth k Oosee y1o0HOMY

JUIS BBIYMCIICHUI BULY.

Yucna (4, B,C) cyTh KOOPAUHATEI 7, xr, . [lo3TOMy 4>+ B +C? — KBagpaT MOIYJIs
BEKTOpa r, x , . HAMOMHHIM, 4TO MO/IyJIb BEKTOPHOTO IIPOM3BEICHHS PaBEH

s

2 2 2 2202 2.2 2.2 2 2.2 2 2.2 (7T
A +B+C=r -r’sing=r'r, (1 cos ¢) rE —rr cos =1, —(rurvcos¢) =rr —(r v,

2 2 2 2
52 ] -E ) )
Oou Ou Ou ou ou ou ov ov

(Z,Z) (Gx oy 82) (ax y 82} ox 8x+8y 8y+8z az:F.I/ITaK,
ou’ ou’ ou S\ ov ov ov Oou Ov ou Oov ou ov

sing (¢ - yron Mexay r, ur, ). 3HAUuT,

r

u

. 3mech 1} =

A*+B*+C? =EG-F’, u hopmyIa IS IUIOMIAAN TOBEPXHOCTH, 33 JaHHOU

mapaMeTpu4eCcKu, TakoBa: S = ” NEG-F*dudv .
D
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bunem 12. [logepxHocmHbIe uHmezparsnsbi 1-20 muna
[Iycte S — mnoBepxHOCTh, UMeromas Iomanp MmwL(S) . Paccmorpum
pazouenue 7 STOM TMOBEPXHOCTHM HA YacTU S; C TMOMOIIBI KYCOYHO-TJIAJKUX

KpuBbIX. IlycTh QyHKIMS f(x,y,z) ONpeAeneHa BO BCEX TOYKAX MOBEPXHOCTH S.

BribepeM NMPOU3BONBHBIM 00pa3oM TOYKH M,(x,,y,,z,)€S, ¥ PACCMOTPUM CyMMY
Zf(xisyiazi)nﬂ'(si):O-(faTs{Mi})'
im1

Omnpeneaenue. [Iycts 7 eR. Ecin

Ve>0 36>0 VT:d(T)<S ViM,} |o(f.T.{M,})-1|< &, TO MBI TOBOpHM, 4TO ] €CTH
nosepxnocmmubiil unmezpan 1-2o muna ot Gysxuuu f(x, y,z) 1Mo MOBEPXHOCTH S U

0003Ha4aeM 3TO CIEAYIOLIUM 00pa3oM: [ = ” f(x,p,2)ds .
N

[Ipumep 3amaum, MOIENBI0 KOTOPOM CIIY)KAT IIOBEPXHOCTHBIM HHTETPal
IIEPBOr0 THUIIA — HAXO0XKJIEHWE MacChl IOBEPXHOCTH S, IOBEPXHOCTHAS IJIOTHOCTH
KOTOPOU B Touke (x,y,z) paBHa f(x,y,z).

JIns  BBIYUCIEHUS MOBEPXHOCTHOTO MHTErpaysia 1-ro Tuna yaoOHO
UCIIOJIB30BaTh CIEAYIOLIUE TEOPEMBI.

Teopema 1. ITycth NOBEPXHOCTH S 3aaHa ypaBHEHUEM z = z(x, y), (x,y)e D,,
rie z — HenpepbiBHO auddepeHnupyeMas Ha KBaJpupyemou oOmactu D,
¢yskmusa, D, < R*. Toraa s mo00i HeNpephIBHOW HA TTOBEPXHOCTH S QYHKITUH [

I 2 = gﬂx,y,z(x,y))J(g—jj (g_j 1 dedy

Y

3ameuanme 1. ecy OBEPXHOCTH 3a/1aHa ypaBHEHUEM y = y(x,z), (x,z)e D,,

TJIe y — HENpepbIBHO MU depeHIpyeMas Ha KBaipupyeMoit odonactu D,, D, c R?

2 2
(GyHKIM, TO ” £, p,2)dS = ” f(x, y(x,z),z)\/(a—yj + (a—yj +1 dxdz . AHANOrMYHO, B
s D, Ox oz

Ccllydae 3a/IaHusl TOBEPXHOCTU ypaBHEHUEM x = x(y, z)
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2 2
” £, ,2)dS = ” fx(y,z2), y,z)\/ [?J + (Z—x] +1 dydz TIpY aHAJIOTUYHBIX YCIOBUAX Ha
s D, o4 y

o0mactb D, u pyHKImo x(y,z).

Teopema 2. Eciu mnoBepxHOCTh (S) 3agaHa mHapamMeTpUYECKUMHU

xX= x(u,v),
ypaBHEHUAMH y = y(u, V), (u,v)e Ac R?,

2= =(u,v),
I€ x,y,z — HENpepbIBHO nuddepeHiupyeMble PyHKIMM Ha A U IMYCTh

byHKIISA fx,y,2) HEIpepbIBHA Ha (S) , TO
”f(x,y,z)dS = ”f(x(u,v),y(u,v), z(u,v) EG-F*dudv.

Teopemsbl 1 1 2 ocTaBuM 0€3 10Ka3aTeIbCTBA.
Bwmecrto aToro mpuBeném npumep BBIYHCICHHUS MTOBEPXHOCTHOTO MHTETpaja

1-ro Tuna.

3agaua. Haiitu ‘”(x2 + yz)dS, riae S — rpaHmia tena /x> +y° <z<1.
S

Pemienue. D10 TENO MpeACTaBISEeT COOOM KOHYC:

A

X
S cocTout u3 GOKOBOM MOBEPXHOCTH S; 1 ocHOBaHuA S,. Ha 60koBoO
IIOBEPXHOCTH, YPAaBHEHHE KOTOPOM z = {/x* + y* ,BCIOMY, KPOME TOUKH (x, y)=(0,0)

oz X oz y
BBIIIOJIHAKOTCA PaBCHCTBA —=———, —=—— = U

ox \[x*+y? "oy JxT+y?
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2 2 2 2 2 2
(%j o2 +1- 2x 2t 2y 2+1:2(x; +)/2):2 1
ox oy X“+y° x4y X" +y

ox

ds = \/(azj +(%J +1dxdy = 2dxdy .

Hapy1enue 51oii popMyJIbl B €IMHCTBEHHON TOUKE (x, y)=(0,0) He mOBIMsAET

Ha pe3yJIbTaT, IO3TOMY ‘”(x2 +y2 s = ”(x2 +y*N2dxdy , re D — npoekius S; Ha
s, D

IUIOCKOCTh z =0, T.€. D — KpyT x° +y* <I.

B unTerpae, crosmeM B IpaBoM 4acTH, NEPEUAEM K MOJIAPHBIM

xoopmunaram: [[(x* +y? N2dvdy = Td¢j (> N2rdr = zﬁ\/fjﬁdr = (r - axo6uan
D 0 0 0

1_27r\/5_7z\/§

4
npeoGpa3oBanus) =272 — 0" 2 :

4

OcHoBanue S, 3a1aHO YpaBHEHUEM z=1, MOITOMY

2
(%jz +(%j +1=0+0+1=1m J.J.(xZ +y2 )dS = IJ.(XZ +y2 )dxdy _r (BTOT MHTErpa
ox oy 4 ! 2

OTJIMYACTCA OT BBIYUCIICHHOI'O BBIIIC JIMIIb MHOKUTCJICM, IIO3TOMY HOI[pO6HOe

BBIUHCIICHUE OIYIIEHO).

Hrak, Becp nHTETpa

J;J.(xz +y2)dS:£I(x2 +y2)ciS+J;j(x2 +y2)dS=ﬂ—\2/§+%:41+_\5)

2
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Bunem 13. CmopoHa noeepxHocmu, 0OHOCMOPOHHUE U
d8yXCMmMOPOHHUE NnosepxHocmu

[ToHsITHE CTOPOHBI MOBEPXHOCTH MHTYUTUBHO XOPOIIO U3BECTHO. MBI
TOBOPHUM O BEPXHEW M HMKHEH CTOPOHE, BHYTPEHHEN U BHEIIHEN CTOpOHE (AJIs
3aMKHYTBIX TOBEPXHOCTEN) U T. 1. Jlaxke ceiyac, eciu BAPYT NEPEBEPHYTH JUCT
Oymaru, Ha KOTOPOM PacIOJIOKEH YnTaemMbliii Bamu TekcT (Mau MOBEPHYThH SKpaH
MoHHuTOpa), Bel ckaxere: «He ta ctopona!». Hanetoch, 3To He Bhi3oBeT y Bac
4yyBCTBa 00JieryeHusi, Bel BHOBL IEPEBEPHETE JIUCT U y3HAETE TOTa, KaK MIPUHATO
ONPEAETATh CTOPOHY MOBEPXHOCTH B MATEMATHUKE U Y BCAKOM JIM TOBEPXHOCTHU
€CTh CTOPOHA.

Kaxk 00b14HO, TIpOIIIe BCETO OOCTPOUT JIETI0 C MOBEPXHOCTHIO, 33 IaHHOU
SIBHBIM YPaBHEHHEM.

z=2(x,y),(x,y) €D (D
B sToM ciydae, 0ueBHAHO, €CTh 2 CTOPOHBI, BEPXHSS U HIDKHSIA. UTOOBI

OIIPCACIINTDL CTOPOHY, JOCTATOYHO YCTAHOBUTD, KaKou YIoJ COCTAaBJIACT

v

BbIOpaHHas Bamu HOpMaib K MOBEPXHOCTH € OChi0 Z. Ecnu cosy >0, TO 3TO —
BEpPXHsA CTOpOHA. Eciu cosy <0 - TO — HYKHSA.

OtmeTuM, 410 cosy >0, IOITOMY BEPXHEH CTOPOHE COOTBETCTBYET BEKTOP
7i, . I1yCTb 0l — 3aMKHYTBII KOHTYP, JICKAIIMI Ha TIOBEPXHOCTH M HE MEPECCKAIOIICH

e€ kpaii. BeiOepeM B mpou3BOILHOM TOUKE ITOTO KOHTYpa OJIHO U3 JIBYX

HarnpaByieHuit HopMmanu. [IycTh nmpu 06X0/1e 3TOro KOHTYpa HOpMaJlb MEHSIETCS
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HCTIPCPBIBHO. Torz(a B UCXOJHYIO TOYKY MbI BepHéMCH C UCXOHBIM HAIIPaBJICHUECM

HOpMaJu.

OmnucaHHOE BBIIIE CBOWCTBO MOBEPXHOCTH (1) OynemM cunuraTth
ornpeJielieHeM IBYCTOPOHHEH MOBEPXHOCTH (B 001IIeM cilyyae, a He TOJIbKO s
noBepxHocTel Buja (1)). BeiOop CTOpOH MOBEPXHOCTH 03HAYAET OPUEHTALIUIO
KOHTYpPOB, Ha Hel nexamux. IMeHHo, MoJI0KUTEIbHOE HalpaBiieHue 00xoa

KOHTYpa OCTaBJISICT 06J'I3,CTB, OTPaHNYCHHYIO UM CJICBA.

briBaro NOBEPXHOCTH, HE ABIAIOIIUECS ABYCTOPOHHUMU. [IpocTeimmin
npumep —1uct Mebuyca. OH nosydaercs Tak: pacCMOTPUM MPSIMOYTOJIbHUK

ABCD u nmunuto EF, coennHsIonyo cepeauHbl €ro CTOPOH.

Cknenm Touky A c toukoii ¢ C, B ¢ D.
* Ecnu o6xoauth kouTYp EF, TO ipu

BO3BpalllCHUH B UCXOAHYIO TOUYKY HAIIPaBJICHHC

HOPMaJIM U3BMEHUTCS HA MPOTUBOIIOJI0XKHOE. ITO

AO0Ka3bIBACT OAHOCTOPOHHOCTD JINCTA M€61/cha.

B nanbuelimem mMbl OyJieM paccMaTpuBaTh TOJIBKO ABYCTOPOHHHE

MOBEPXHOCTH.
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Bunem 14. [NloeepxHocmHbie uHmezpansi Il muna (Il poda)

IlycTth S — nBYCTOpPOHHSS MOBEPXHOCTh. BHavane cuuraem, 4To S 3a1aHa

YPaBHEHUEM Z = z(x, y), (x, y) e D,,rne D, — kBagpupyemMoe MHOXKECTBO Ha

mrockocty XOY. Kak 00bI9HO, cuuTaeM, 4To z(x,y),?(x,y),%(x,y) —

ay

HenpepbIBHBIE HA D, (pyHKIMHU, 1 BBIOEpEM BEPXHIOK HOPMAJIb K S.
PazobbeM oOmacte D Ha xBagpupyemble ydacTkM D, U BBIOEpPEM TOUKH
(¢.,m,)e D, npoussonbaeM 06pazom. Ilycts dymkmus R(x,y,z) ompeneneHa Ha

MOBEPXHOCTH S.

PaccMoTpuM MHTETpaibHYIO0 CyMMY

n—

R(E.,.z(.n, ) 1D, )=o(R,T,{&.n,})

1

I
[=1

Ecrm 31eR Ve>0 38>0 VT:d(T)<s V{E.m,}

‘G(R’T’{éiani })_I‘ <g,

To uncio | Ha3zwbiBaeTca nogsepxuocmuvim unmezpanom Il muna (Il pooa)

oT QpyHKIMH f 110 BEpXHEN CTOPOHE S M 0003HAYAETCSA TAK:
I= ”R(X,y,z)dxdy.
S

(Hacro UCIIOIb3YETCS Oonee COBPEMEHHOE 0003HaUYeHUE

I= ”R(x, y,z)dx Ady.)

Ecin BbIOpaHa HUXKHSS CTOPOHA IIOBEPXHOCTH S, TO BCE BEJIMYUHBI HJI.(D“)
B UHTErPAJIbHOM CyMME€ 3aMEHSEM Ha (— HJI.(Di | ))

DT0 03Hauaer, 4yTo noBepxHocTHbIM uHTerpan Il tuna (Il pona) mo HUxKHEN
CTOpPOHE TOBEPXHOCTHM OTJIMYAETCS OT HHTErpajia 10 BEepXHEH CTOpOHE
MOBEPXHOCTH TOJILKO 3HAKOM.
ma(D,)

Kak oTMeuasnoch Bbine, mwi(S, )= ‘ ‘
COSY,

rm.(Di,1 ) =S, Xcos Y,

, T.€.
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rm.(D 1): rm.(S )cosy,, eCiH ¥, COCTABJIAET C OChIO Z OCTPBIH yrod.

HJI.(DM)= —1(S. )cosy. , ecim y, COCTABJIAET ¢ 0ChIO Z TYMOi yro.

[ostoMy, cosy,m(S ):HJI.(D.) UIn —HJ'I.(D ), B 3aBHCUMOCTH OT BBIOOpa

i i i

CTOPOHBI IIOBEPXHOCTHU H I _[ R(x,y,z)dx Ady = ” R(x,y,z)cosydS.
S S

TouHO Takxe, ecinu R(X,y,z) — HemnpepbiBHas QyHKIINS, TO

”R(x, y,z)dx Ady= j J R(x, y,z(x, y))dxdy , €CIIA B34Ta BEPXHsISl CTOPOHA S 1
s D,

”R(x, y,z)dx ANdy= —j j R(x, y,2(x, y))dxdy , €CII B34Ta HIDKHSSL CTOPOHA S.
s D,

Ecnu ke S 3amana ypaBHEHUEM X = x( y,z), (y,z) e D, , kBanpupyemMon

obnactu mwiockoctu yOz, TO ONPEACIIEH HHTETpall H P(x,y,z)dy Andz , pAaBHBIN
N

[[ Px,y,2)cos adS m BoramcIsIeMBIIT TI0 hOpMYIIE [[ P(x(y,7), ¥, 2)dydz , ecra yrom,

N Dy
COCTAaBJISIEMbI HOPMAJIbIO K BBIOPAHHON CTOPOHE TTOBEPXHOCTH C OChIO X OCTPHIiA,

u 1o dpopmyJie —H P(x(y,z),y,z)dydz , €CIT 3TOT YTOJI TYIIOM.
D3

Ecnu noBepXHOCTh S MOKHO OJTHOBPEMEHHO MPEICTABUTH YPAaBHEHUSIMU
PaCCMOTPEHHBIX BBIIIE TUIIOB, TO OMPEICIEH

j j P(x, ,z)dy Adz+Q(x, y,2)dz Adx+ R(x, y, 2)dx A dy = j j Pcosa+Qcos B+ Rcosy)dS
S S

Ecnu noBepxHOCTh S eCTh KOHEUHOE 00BEAMHEHNE TAKUX TIOBEPXHOCTEH U
opueHmayuu maKux nOGepPXHOCmell Co21aco8aHbl, TO UHTETPaJl 10 BCEN

IMOBCPXHOCTHU paBCH CYMMC MHTCIPAJIOB 110 COCTABJIAIOIINUM 3Ty IOBECPXHOCTD

qacTiaM.
COFJ'IaCOBaHHOCTB OpUCHTAlIUH O3HAYACT
S # X CJIEYIOIEE: HOPMAJIM HAa OTIEJIBHBIX YacTAX
\;.\ | BI>I6paHI>I TaK, 4TO ITOJOKUTCIIBHBIC HaHpaBHeHI/IH
00xo0/a OOITUX TPaHMI] TPOTUBOIIOIOKHBI IPYT
PYTY.
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B o0miem ciydae, eciau NOBEpXHOCTh O 3aJjaHa NapaMETPUUYECKHU:

x=x(u,v)

y=y(u,v)

z=z(u,v)
IJie u,ve A - KBQIPUPYyEeMOi 00JIaCTH | x,y,z € C'(A), TO
IIP(x,y,z,)cosa ds + Q(x,y,z)cosﬂ ds + R(x,y,z)cosy ds =
. ([ PGl b ) 20, v)- Al [ Ol )yl ) =(,v)- Blas v+
A

+ ”AR(x(u, ) (1w, v), 2(u,v))- Cu,v)dudv

IJie, KaK 1 BBIIIIE,

o e G x o
_|ou oOu _|Ou Ou _|ou oOou
A(u,v)—a_y %, B(u,v)—% @’ C(u,v)—ﬁ a_y’
ov Ov ov Ov ov Ov
[
. |OX Oy 0z
TO €CTbh, KO3 HUIOUCHTHI HOPpMAJIM, paBHOU — — —),
( Goun p p 7 811)
x oy e
ov oOv ov

%

a 3HaK “+”’ WM BBIOMpPAETCS B COOTBETCTBUU C BHIOOPOM CTOPOHBI

IIOBEPXHOCTH.
IIpumep. [IpuBeném npumep BEIYUCICHUS TIOBEPXHOCTHOTO UHTETpaia 2-ro

TUmna I = ”xdydz+ ydxdz + zdxdy , TIe S — BHCIIHSS CTOPOHA CPepbl x” + y* +z°> =a’.
S
O603HauuM /, = ” zdxdy . I3 cooOpakeHuil CUMMETPHUH OYEBUIHBI pABEHCTBA
S

deydz = ” ydxdz =1, , Tak 4T0 [=31;. IIOBEpXHOCTh S COCTOMT U3 YacTel S| u S,,
N N

3aJ]aBaCMbIX YPAaBHCHHUSAMU z =,/a’ —x’ —y° (3TO S| — BepxHss noiycdepa) u

z=—ya’ -x> -y’ (3TO ypaBHEHHUE s HIKHEH monycdepsl S,). Ha S| BHerHss

HOpMaJIb COCTABJIIET C OCBIO Z OCTPBIN yToJl, Ha S; — TYIOH.
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X S,
Hostomy [ zdxdy = [[\Ja® —x* - y* dxdy = quojx/az — 2 rdr = 27:-5@(1(;»2):
s, D 0 0

2ma
3

3

= —ﬁI\/az —rzd(a2 —r2)= —ﬂ%(\/ﬁ)z

a
0
AHAJIOrMYHO, TaK KaK Ha S) z=—+/a’ —x> -y’ , @ HOPMaJlb COCTABJISIET C OChIO

Z TYIIOM yTOJI, ”zdxdy = —”—\/az —x* =y dxdy = J‘J‘w/az —x* — y*dxdy :%. 3Ha4uT,
S, D D

3

3 3
27? +27;a :47? . Hoatomy =31 =4m’.

I, = ”zdxdy =
N
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Bbunem 15. ®opmyna Ocmpoepadckozo-Iaycca. E€ eekmopHasi
3anucb
Teopema. [lycTh S — 3aMKHyTasi KyCOYHO-TIaJKasi HOBEPXHOCTb,
orpaHuuuBaroias Teyo V B npoctpanctse. [1ycTh BbIOpaHa BHELIHSS CTOpOHA S.

[Tycts P,Q,R — pyHKIMH, UMEIOIINE HETTpepbIBHbIE TPOoM3BoAHbIe HA V. Toraa

)EJ( (Pdy A dz+ Qdx A dz + Rdx A dy) j j j ( o, 0, —dedydz PaBHOCHIIBHAS
s ox Oy Oz

oP 30 oR

dbopmyIrpoBKa: ﬁ Pcosa +Qcos B+ Rcosy)dS = J'”( Fa dedydz rjae
v

(cosa,cos 3,cos ) — BHEILHSAA HOPMAJIb K S.

Joxka3ateabcTBo. [Ipeanonoxum, yto V orpaHuyeHo cBepxy S, — rpaguxom

GyHKIMA z=2z,(x,y), CHU3Y S| z=7z(x,y), x,y € D,, a COOKY — LIUIMHIPUYECKOM

MMOBEPXHOCTBIO Sj.

V4

/

Beraucinm j”a—R dxdydz= J. J.dxdyzZ (j}y)a—Rdz = ”(R(x, v,2,(x, )= R(x, y,2,(x,)))dxdy =
yo 0z D, o5 O Dy

= ”R(x,y,zz (x,y))dxdy —J‘J.R(x,y,z1 (x,y))dxdy = ”Rdx Ady — ”Rdx Ady , TaK KaK Ha
Dy Dy 5, 5,

Sl BHCHIHAA HOPMaAJIb COCTABJEACT C OCBIO Z Ty1'[0ﬁ YTOJI.

Hanee, Ha S3 cosy =0 ¥ MOKHO JOOABUTH K CyMME ClIaraeMoe

O:”Rcosy dS:”Rdx/\dy.
S, S,

Hraxk, ” _[ a—Rabcafya’z = ﬁRdx Ady .
vV aZ S
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Jlaniee, eciy MOBEPXHOCTh S MOKHO MPEJICTABUTh B BUAE OObETUHEHUS

MOBEPXHOCTEN x =x,(y,z), x=x,(y,z), X,y € D, ¥ WMIHHIPUYECKON TIOBEPXHOCTH,

TO IH a—dea’ya’z = {:.f Qdx Adz , 1, IpU aHAJIOTUYHBIX YCIOBUIX,
Vv aZ S

oP
J.;Ugdxdydz = tdey Adz .

[ToaToMy, eciii OBEPXHOCTh S yJIOBJIETBOPSIET YCIOBUSAM BCEX TPEX CIIydacs,

ﬁ(de Adz+Qdx Adz + Rdx A a’y ”I 3 6 ja’xdydz
y

(ap 20 , R
N

Tenepp npeAnoaoKum, 4To V COCTOUT U3 KOHEYHOIO Yucia Tel Vy,..., Vi,
Pa3aENEHHBIX MIAAKUMU MOBEPXHOCTAMHU Sy, .. .,S, IPUUEM 3TH Tena V;
YAOBJIETBOPSIOT CPOPMYTUPOBAHHBIM BBIIIE YCIOBHUAM. {7151 TPOCTOTHI, MyCTh

V=rur,, §=8uUS,:

Torna:

m(ap a—Q+a—RJd dydz ”j[ap PO, 6Rjd dydz +jjj(a—P+6—Q+6—Rjdxdydz Kasbiii

oP 30 oR

dxdydz , i=1,2 , ipeoOpazyem 1o popmyiie
ox 0oy 82

w3 miTerpanos m(

Ocrporpanckoro-I'aycca Kak ﬁ(de Adz+Qdx Adz+ Rdx Ady), i =12, TJIE B3ATHI
S.

BHEIITHUE CTOPOHBI MOBEPXHOCTEN S;, i=1,2.
[ToBepxHocTu S; ¥ S; UMEIOT OOIIYIO YaCTh S, NPUUEM UX BHEIIHUE HOPMAIH

Ha S TPOTUBOINOJIOKHBI M MHTETPANIbl 0 S OT Pdy Adz+Qdx Adz+ Rdx Ady

B3alIMHO COKpPATSATCS, IIODTOMY I j Pdy ndz + Qdx Adz + Rdx A dy +

S
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+J-J.de/\dz+de/\dz+RdX/\dy::f:dey/\dz+de/\dz+Rdx/\dy.
S, s

TeMm CaMbIM, TCOpPCMaA JOKa3aHa.
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Bunem 16. CkansipHble u eKmopHkbIe rnoJsisi. OnpedeneHus u
OCHO@GHbIe ceolicmea 2padueHma, dueepaeHyuu, pomopa, nomoka u

uupkynsyuu
1. CKansipHoe u 6eKmMoOpHoe rnoisie

Onpenenenne. Cxansiproe none Ha oostactu D R® (D < R?) mpeAcTaBiser

000l mpousBonbHYI0 GyHKIMI0 U(M), Tne M [ D, onpenenennyio Ha D.
llogepxnocmu ypo6Hs CKaNspHOTO IOJISI — 3TO MHOKECTBA PEILICHUN YpaBHEHUS
U(M)=C, CeR, Ipu 3aJ1aHHBIX 3HAUEHUSX C.

IIpumep. Ha reorpadudeckoil kapTe uruu yposHs (IByMEpPHBIN aHAIOT
MOBEPXHOCTH YPOBHS1) IOKA3bIBAIOT TOYKH, JIEKAIME HA OJTHOM BBICOTE.
AHaNOruuHbIe IPUMEPHI — U30TEPMBI, U300apHI U T.JI.

Bexmopnoe none F Ha ob6nactd D« R® (i D < R?) — 3T0 BEKTOD,
KOOPAHHATEI KOTOPOTO (P, Q,R) ABISAIOTCA (DYHKUUSAMU, OTIPEACTICHHBIMU Ha D .

IIpuMepsI MpeACTABISIIOT COO0M CUIIOBOE M0JIE, 10JIE CKOPOCTEH U T.II.

2. [lpou3eodHasi CKasIsIPHO20 MoJisl No HanpaeseHuro. FpadueHm

CKaJIsAPHO20 I0oJis

Bo 2-m ceMecTpe MBI yKe paccMaTpUBaIX MPOU3BOAHYIO IIIOCKOTO MO (T.€.

D c R?) 10 HaIpaBICHUIO [, 68_(1] ITonsitue geruuunvr ompeska M M

OIpeIeIIAETCS aHAIOTHYHO U 11 D < R*. Hanomuuaem: seiuuuna M M OTpe3ka

M, M TipeAcTaBisieT cO0OM ero JTMHY CO 3HaKOM “+”°, eclii BeKTOpbl M M U [

e 9

OJIMHAKOBO HAITPABJICHLI U AJIMHY CO 3HAKOM , €CJIM UX HaIIPpaBJICHUS

ouU UuM)-um,)
IIPOTUBONOJIOKHEI. Toraa, mo onpeneneHno, — = lim .
ol M—M, M OM
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Ecnu BBeieHa cucTemMa mpsiMOyTOJIbHBIX
JIEKapTOBBIX KOOPAUHAT U BEKTOp / 3a/1aH
HAIPaBJIAIOLIMMH KOCHHYCaMH (cos a, cos 3, cos 7 ),
TO mipu ycinoBun quddepennupyemocta U B T.

M, 1erko BbIBeCTH (hOpMYJIy:

oU oU
—(M,)=
Yur,)

——(Mo)cosa +6—U(M0)cosﬂ +8—U(M0)cos7/ =(gradU,l_), raoe
ox oy 0z

gradU(M )= (Z_U (M, )aa—U(M . )aa—U(M 0 )J - 2paduenm CKaJSPHOTO Mojist U B TOYKE
X Y z

M,.
Pasymeercs, IOHATHE TPaJHEHTa MOKHO BBECTH M O€3 HCIIOIB30BaHUs
oUu - - N
CHCTEMBI KOOPIMHAT: — - = |gradU| - ‘l‘ -cos ¢ =|gradU|- cos ¢, T.K. [ - €IMHMYHBI
BEKTOP.

oU
Takum o6paszom, <|gradU|, mpuuem paBEeHCTBO HACTYIAET IPH yCIOBHU

oU -
|cos ¢| =1. HanbonpInee 3HaueHme —, [oBcem BBIOOpaM [, TAKUM 00pa3oM, eCTh

lgrad(U(M,)), a HapaBIIeHHe IPAIMEHTA — 3TO KK Pa3 TOT BEKTOP [, HA KOTOPOM

3TO HauOoJblllee 3HaUeHue JocTuraetcs. tak, HampaBieHEe U MOJTYJIb BEKTOpa

gradU(M ;) ompeneneHo 6e3 UCIoIb30BaHKsA KOOPAUHAT. ITO FOBOPHUT 00

WHBAPHWUAHTHOCTH 3TOI'O ITOHATHUA U O HAJIMYHUU PCAJIbHBIX €CCTCCTBCHHO-HAYUYHBIX

WUHTEPIIPETALHAMN.
OpHako 17151 BBIYUCIICHUS IpaJleHTa yA00HO ero KOOPJUHATHOE
npeacTasienue. M3 Hero, B 4aCTHOCTH, JIETKO CIEAYIOT CBOMCTBA I'PaIMCHTA.
1. grad(u +v)= gradu + gradv
2. grad(c-u)=cgradu, ¢ = const
3. grad(u - v)=ugradv + vgradu

vgradu — ugradv

) )
1%

#0

4. grad(u/v)=
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5. gradf(u)= f'(u)gradu (f - auddepenuupyemas GpyHKIHS)

IIpumep. Haiinem gradr, Trie » = H =4/x>+y* +z° - MOAYJIb pAJMyC-BEKTOPA

;(x, v, z).

~ N

ITo ¢opmyiie 5 U3 3TOrO paBeHcTBa cieayer: gradf (r)= f'(r)-

Mp1 nonyunnu GopMyTy JUIsl BBIUUCICHUS TPaIMeHTa paiuaibHON HYyHKINUY

fr).

PaccmoTpum Teneps MOBEPXHOCTH YPOBHS CKAIAPHOIO noJis U, T.€.

MIOBEPXHOCTD, 3a1aBacMyt0 ypaBHeHueM U(x, y,z)=C . IIpeamnonaoxum, 4ro U -
HernpepsiBHO Auddepeniupyemast QyHKIUS OT x, y,z. Torna ypaBHEHUE
KacaTeJIbHOM IIJIOCKOCTHU B TOUYKE M, JIeXKaIllel Ha 3TOM IMOBEPXHOCTH, UMEET BUJL

=)+ TR0, o =) S0, e - 2)=0.

Koopaunatel BekTopa rpajiueHTa npeAcTaBisitoT co00i Koa(hPUIIMEHTHI HTOTO

ypasHenus. [TooroMy gradU(M ) - HOpMaIb K KacaTeIbHOM IIOCKOCTH B T. M, H,

10 ONPENETICHNI0, HOPMAJIb K CAMOM ITOBEPXHOCTH YPOBHS B 9TOM TOUKE.

3. lNTomok eekmopa Yyepe3 nogepxHocms. [lueep2eHyuss 8eKMOPHO20
nossi. BekmopHasi popmynuposka meopembl Ocmpoepadckoz20-

laycca

[lycTh F - BEeKTOPHOE HOJIE, S - ABYCTOPOHHAS HOBEPXHOCTS. [IycTh BhIOpaHa

CTOpOHa, T.€. HopMaJb n. HazoBeM ”(F-Z)dS - nomokom eekmopa F 4epes
N

MOBEPXHOCTh S B YKa3aHHYIO CTOPOHY.
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OTOT TEPMHUH COBIAJAET CO CIEAYIOLIEH

Bl

rUIpoanHaMuyeckou 3anaden. [Iycto F -
BEKTOP CKOPOCTH TEUEHHUS KUJIKOCTHU B
MOMEHT ¢ . [TocunTaeM, CKOIBKO JKUJIKOCTH
MPOMJIET Yepe3 MAIYIO 4acTh MOBEPXHOCTHU
dS 3a MOMEHT BpEMEHHU dt . DTOT 00beM
KUJKOCTHU MPEJICTABIISIET COOON IUIUHJIP C
OCHOBAHHEM dS W BBICOTOH F -n-dt, T.e.
ATOT 00BEM paBEH F-n-dS-dt.

Torna s Beeli TOBEPXHOCTH TTOTYYUM dt” F-n-dS . Takum 06pa3oM, MOTOK
S

npeacTaBiseT co00i CKOPOCTh N3MEHEHHUS KOJIMYECTBa MpoTeKatouiei uepes S
KUIKOCTH B paCCMATPUBAEMbIA MOMEHT BPEMEHHU.

ITycTh BEKTOpHOE Mojie F 3a1aHO B BLIOPAHHOM cHCTeMe KOOPAMHAT KakK

BexTop F(P,0,R). HazoBeM ousepzenyueri F ckanspHoe none divF = op L QR
ox Oy Oz

(IIpH YCJIOBHH, 4TO 3TH YACTHBIE TIPOM3BOIHBIE CYIIECTBYIOT).
JIerko gokasath, 4ToO:
1. divla +b)=diva + divh
2. div[U -a)=Udiva + agradU . 3aech U - ckanspHoe mosie i cuMBoI agradUl
00603HAYACT CKATAPHOE IPOH3BEICHNE TUX BEKTOPOB.

Bcenomuum gpopmynupoBky Teopemsl Octporpaackoro-I aycca:

”(Pcosa +Qcos f+ Rcos y)dS = J.”[a—PnLa—Q +a—Rjdxdydz , Tae F = (P, 0, R) -
s \ox oy oz

HENpepbIBHO AU(depeHIupyeMoe BEKTOPHOE MOJIe, S - 3aMKHYTast IOBEPXHOCTb,

orpaHM4MBaroNas 00beM ¥ U (cosa,cos f,cos y) - BEKTOP BHEIIHENH HOPMAJIH.

JleBast gactb hOpMyIbI UMEeT BHIT | j(f-ﬁ)dS , T.€. IPEJICTaBIAeT cO0O0M MOTOK
S

F 49epe3 BHCIIHIOK CTOPOHY S, a MPaBYyIO YaCcTh MOXKHO BBIPA3UTh CICAYIOIIUM

57



obpazom: ” Idivfdxdydz. Wrak, BekTOpHAas (OpMYJIHUPOBKA TEOPEMBI
Vv

Octporpanckoro-I"aycca:

I[Ipu chOpMyIMPOBAHHBIX BBILIE YCIOBHAX j I(F—Z)dS = j ” divFdxdydz .
S Vv

[TonsiTue divF MOXKHO OIIPCACIINTL HC3aBUCUMBIM OT KOOPpJIHWHAT CITOCO0OM.

JI71s1 TOro paccCMOTPUM TOUKY M, OKPYKHM €€ IIapOM paguyca & U MIPUMEHUM

teopemy Octporpazckoro-I'aycca: ” (FZ)JS = ”I divFdxdydz , tae V, -
s, v,

BBIIICYIOMSIHYTBIN 1Iap, a S, - BHEUIHSS CTOpOHA orpaHnuuBaroiiei ero chepsl. K

TpaBoif YacTH NPUMEHHM TEOPEMY O CpeTHEM (YUMTHIBAS HENPEPBIBHOCTD divF ):

”j divFdxdydz = divF (M, %”83 ,Tae M, - 6nuskas Kk M, Touka. [Ipu ¢ -0
Vé.‘

divF(M,)— divF(M,) 1 MBI MOKEM ONPENEIUTh JUBEPIEHIIUI0 PABEHCTBOM:

(7 b

divF(MO)z lim = , B IPABOM YaCTHU KOTOPOr0 CUCTEMa KOOPJAUHAT HE

e>0 4378
Gurypupyer.

Ecnu cuutats F BEKTOPOM CKOPOCTH KHUJIKOCTH, TO divF - 3TO MJIOTHOCTH

HNCTOYHHKA.
4. Yupkynsauus, pomop
I[TycTh L - KOHTYp C 33laHHBIM HalpaBlieHHeM 00X0/1a, F - BEKTOPHOE ToJIe,
- €IMHUYHBIA BEKTOP KacaTelbHOH K KpuBOid. ONIpenennM yupKyiayuro Kak

MHTErpa iﬁ(]?-f)dl (cMbIcT — paboTa CHIBl F BIOJL KOHTYpa L ).
L

Beenem cucremy KoopauHar. ITycts (cosea,,cos B,,cos 7, ) - HAPABJIAIONIKE
KOCHHYCHI /, (P,Q,R) - KOOpDAHHATHI F .
Torna (17 . Z)dl = (P cosa, +Qcos S, + Rcosy, )a’l = Pdx + Qdy + Rdz = Fdr n

HUPKYJISILUS TPECTaBIseT COO0N HHTErpal §de + Qdy + Rdz .
L
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Jlnst 3a1aHHOTO HenpephIBHO-1updepeHipyeMoro nons F(P, 0, R) onpeaeaum

pomop (MM 6Uxpb) 3TOTO MOJS: rotF = [G_R _90 op R 90 _ a—Pj :

oy 0z oz ox ax Oy
Jlerko mpoBepUTH CBOMCTBA POTOPA.
1. rot(;JrE): rota + roth
2. rot(UE): Urota + gradU x Z, rae nmoja gradU x a TIOHMMaeM BEKTOPHOE

IIPONU3BCIACHHUC.
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Bunem 17. ®opmyna Cmokca. Eé eekmopHas 3anucb

Teopema. IlycTs S — rmaakas OpueHTHPOBAaHHAS ABYCTOPOHHSIS TOBEPXHOCTh
(T.e. HAaTpaBJIeHUE HOPMAIH BeIOpaHO) U L — KycodHO-T1aikasi KpuBasi,
orpaHu4MBaronias S, Mpu4éM Mbl CYUTaEM HampaBiieHne 00xoa L

MOJIOKUTENbHBIM. [IycTh pyHKIIMK P,Q,R — HenpepbiBHO quddepeHnupyemsie.

oR 00 OP OR 00 0P
T Pdx+Qdy + Rdz) Py nde+| - Ntz nde+| Z-Cdvndy |
o J{pdcs b ”[(y azj +(z axj +(6x ayj“ yj

3ameuanue 1. PaBHocuiibHast popMyHpOBKa

f(de—i—Qdy—i—Rdz ”Ha—(aa—g] osa+(Z—§—g—fjcosﬂ+(%—g—ijcosyde.

L
3ameuanue 2. B ciiyyae miiocko kpuBoi L, mexaiieit Ha mockoctu OXy u

Gyukuuii P(x,y), O(x,y) ata popMyma coBnanaer ¢ popmysoii I'puna.

3ameuanue 3. DopMyIbl B IpaBoil 4aCTH 3aIOMHUTH HenpocTo. [loaTtomy

yI[O6HO 3alIMCAaThb NOABIHTCTPAJIbHOC BBIPAKCHHUEC B BUJC OIPCACIINUTCIIA:

cosa cosfl cosy

o o 9
ox oy 0z
P O R

Pazymeercs, 3T0 He cOBceM OOBIUHBIN ompeaenuTensb. Beap Bo BTOpoi CTpoKe
ero CTOST oneparopsl AuddepenupoBanus. [loaTomy ycnoBUMcs cuuTaTh, 4YTO

MBI IOHUMAEM I10/1 3TUM OIPENETUTENEM €r0 GOopMabHOE Pa3IoKEHNE IO IEPBOU
.. 0
CTPOKE, IPHEM POU3BE/ICHNE, HANPHMED, OepaTopa — Ha dbyHKUHMIO R ecTh
X

OR
— MU T.IL

Oox

Joka3zarejJbcTBO. Brruncinm, Hanpumep, j?de . IlycTh, 11st IpOCTOTHI,

z=z(x,y) - ypaBHenue S.
Toraa pacCMOTPUM TapaMeTPU3ALIHIO

npoekuu / KpuBo# L Ha MIOCKOCTH z=0:
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x=x(t), y=y(t), te[l,;T ] (pasymeercs, x(t), y(f) - HENPEPHIBHO
g depeHIupyeMbie PyHKITHH).

Torma jﬁde IP L y(t), z(x(2), y(¢)))x'dt = §P(x, y,z(x,y))dx . K mnockoit kpuBoii
!

0

npumenuM Gpopmyiy ['puna: ft;P(x’ y,z(x, y))dx = —j j ai P(x,y,2(x,y))dxdy, tne D —
/ p Y
orpaHnyMBaeMas KpuBoi / 006aacthb miockoctd OXy. Beraucnum aiP(x, y,z(x,y))=
y

8_P+8_P@ Hraxk, §de_—” a—P op & xdy .
oy 0z Oy d 0z Oy

Jlanee, dxdy =cosydsS, %cosy =—cos f, 1 3HAYUT, %dxdy = %cos wdS =—cos pdS .
oy oy oy
oP oP
[ToaTomMy ¢ Pdx = ||| —cos f———cosy [dS .
s fracfems-gow)
AHasoruyxo, §Qdy = “(6—Q cosy — 6—Qcos ade , §Rdz = ”(a—Rcosa —a—Rcos,B]dS
7 s\ Ox 0z A s\ Oy ox

§(de + Qdy + Rdz ”(— osf— —cos ;/JdS + ”( cosy — cos aj +

L

+H(_cosa__cosﬁjd ”[(G_R_G_Q] a+@_fz’_i_§jcosﬂ+

®opmyna Ctokca goKa3zaHa.

Briiie 1oka3aHo, 4To:

§de +Qdy + Rdz = [[ [a—R - Z—g}dydz (Z—IZJ - Z—f}d dz + (‘Z—f - %Djdxdy , e P,O,R -

HenpepbIBHO Au(depeHupyeMble GQyHKINUU, S - KyCOYHO-IJIa/IKasi IOBEPXHOCTb,
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L - ee Kpal, mpuyeM HarpaBjeHUEe 00X0/1a L OTHOCUTEIHHO BRIOPAHHON CTOPOHBI
S ABJIICTCS HNOJOXKUTCIHHBIM.
BcnoMuuM, 4TO0 dydz = cosadS, dxdz =cos SdS, dxdy =cosdS , TI€ cosa,cos fB,cosy

- HaIpaBJISIOIINE KOCUHYCHI K BBIOPAaHHON CTOpPOHE.

[Tpu aTOM mpaBast yacth popmMysibl CTOKCa MPUHUMAET BU/T ”([Z—R —%—QJ cosa +
s \\y oz

+ (a—P - 8_Rj cos f + (O_Q - %j cos 7}15 WA ” (rotf . Z)dS . Utak, B ceIaHHBIX BBIIIIE
N

0z Ox Ox

MMPCAITOJIOKCHUAX TCOPpEMaA Crokca BBITJIAANUT TAK: §Fdl_" = _” (I‘OtF Z)dS .
L s

HOHy‘{I/IM OIIPpCACICHUC rot// 0€3 MCITOJIb30BaHMSI CUCTEMBI KOOpOWHAT. HYCTB

M, - TOuKa, S, - IIIOCKOCTh, B KOTOPOH JIEKUT OKPYKHOCTh L, paauyca & ¢

LHEHTPOM B M .

Toraa ” (rotf : Z)dS =rotF(M,)-n(M,)- ze* 1o
(s.)

n TEOpPEME O CPEAHEM BBHUY HENIPEPHIBHOCTH

MOJABIHTErPaIbHON QYyHKUNU. 31€Ch TOUKA M,

omuska k M, . [1o Teopeme Crokca,

ft;(_ ' Z)dl = (rOtF(Ml ) n(M, )) 7e’ WA

L

c

§(F )
rotl?(M0 )- ;(M0 )= limLf—2 .
&0 g

BBuly IpOM3BOILHOCTH BHIOOPA MIOCKOCTH, MONyYaeM MPOeKIHIo rotF(M, ) Ha

IPOM3BOJILHYIO OCh n(M ). DTO ONpEENAET U CaM BEKTOP.

Jlerko BBIYHCIIUTE, 4TO rot gradU = 0.

MosHO 10Ka3aTh 1 00paTHOe. Eciii 06/1acTh OHOCBSA3HAS ¥ BEKTOPHOE TI0JIe
F yIOBIETBOPSET YCIOBHIO rotF =0, TO F - MOTEHIHAIBHOE, T.€. CYIIECTBYET
byHkus U Takas, 4To F = gradU .

OTMETUM, 4TO BBIBOJIBI O HE3aBUCHMOCTH MHTErpana oT (pOPMbI IIyTH

HHTCTPUPOBAHMS, CACITAHHBIC IJII ABYMCPHOTO Cliy4das, IIOJJHOCTBIO IICPCHOCATCA U
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oQ

. oP —
Ha TpexMepHblid. [lonyyenHoe Tam ycnoBue >, =5, Y ycaosHe rotF =0 BIIOJIHE
X y

AHAaJIOTUYHBI.

63



Bunem 18. ConeHoudanbHoe rnosie, eKmopHass mpybka e Hem.

lNomeHyuanbHoOe nose

Omnpenejenne. F - COIeHOUOATbHOE noJie, €Cii divF =0.

Bexmophas nunusa 0061aa€T TEM CBOMCTBOM, YTO B JIFOOOH €€ TOUKE BEKTOP

KacaTeJbHOM K JIMHUU COBIIQJIA€T C F'.

BexmopHasa mpybka — 3T0 COBOKYITHOCTh BEKTOPHBIX JIMHUM.

Sy

ITycts S,, S, - ceueHuss BEKTOPHOU TPYOKH U S, - €€ OOKOBasi IOBEPXHOCTb.

S=5US,US,. PaccMoTpuM BHELIHIOIO HOpMaJb K S ¥ IPUMEHUM TEOPEMY

Octporpazckoro: [[F-n-dS = [[[divFdxdydz =0, B Cilydae CONCHOMTATBHOTO MO
N Vv
Wrax, ”F-ZdS + “ F-ndS + ”fﬁdS =0. Ha S, no onpeneneHno BEKTOPHOU JIMHAA
M S, S3
F-n=0, IIO2TOMY ”f-ZdS + ”f-ZdS =0 mwm —”F-ZdS = ”F-ZdS . U3menss
S, M S $3

HaIIPpaBJICHUC HOPpMAJIX HA Sl Ha IIPOTUBOIIOJIOKHOC I10JIY9aCM, UYTO IIOTOK

COJICHOUJAJILHOTO TOJISI Yepe3 MOMEPEUHbIE CEUCHUSI BEKTOPHBIX TPYOOK

ITOCTOSIHCH.
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Onpenenenue: BCKTOPHOC I10JIC a(r) Ha3bIBACTCA nOMeEeHYUa1bHbIM, CCIIN

a=gradU
rae U=f(r) — ckansprHas pyHKIus (MOTEHIIUAI TTOJIs).

J171s1 TTIOTEHIIUAIBHOCTH T10JI a, 3aJJaHHOT'0 B OJTHOCBSI3HOM 00J1acTH,
HEO0OXOJIMMO U JJOCTATOYHO, YTOOBI OHO OBLIIO 0€3BUXPEBBIM, T.€. YTOOKI rota=(0. B

JTOM Clly4ae CyuiecTByeT noreHuuan U, onpenensieMbli U3 ypaBHEHUS
dU=a.dx+a,dy+a,dz.

Eciu notennuan U — onHo3HaYHasT PYHKIIUS, TO I adr =U(B)-U(A);
AB

B YaCTHOCTH, UPKYJISALUS BEKTOpPA a paBHA HYJIIO: jadr =0.
C
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BeedeHue e meopuro dugpepeHyuasnibHbIX (hopM.

B mpéxmeprnom npocmpancmee onpedenenul ciedyrouue eneuiHue oug@eperyuanivhvie
gopmuvi:
@' = Pdx + Qdy + Rdz (popma nepeoii cmenenu)

®* = Rdx ndy + Qdz A dx + Pdy A dz (popma emopoii cmenenu)
30ecb u eviue P, Q u R — ¢hynkyuu om x, y u z.
@’ =dx A dy A dz (opuenmuposanmviii snemenm 06véma)
Onepayus A , Hazvléaemas 6HEWHUM npousgedenuem, ooiaoaem maKumu cGOUCMEAMU.
D(dx Andy)Andz =dx A (dy Adz)
2)dx ndy =—dy A dx
Ilycmoy 0, @), 0, — oupppepenyuanvrvle popmsi, k — cmenens popmosl @ ;. Tozcoa:
d(w, +w,)=do, +dw,
2)d((w, Aw,)=do, Ao, +(-1)' o, Ado,
3)d(dw)=0
Cneoosamenvro, no ceoticmeam 2 u 3

d(Pdx) = dP A dx + Pd(dx) = dP A dx, m.x. P— ¢popmyna nynesoii cmenenu (m.e. k=0 u

d(dx))=0).
Hanpumep,

dw' = d(Pdx+Qdy + Rdz) = d(Pdx) +d(Qdy) + d(Rdz) =

:dP/\dx+dQ/\dy+dR/\dz:(a—Pd a—Pd a—dz]/\dx+

ox oy 0z

Qd +8Qd +—de Ady+ aRa’ +8—Rd a—a’z dz =
ox oy 0z ox oy 0z

:6—de/\dx+a—de/\dx+a—d2/\dx+—de/\dy+2—Qdy/\dy+

ox oy 0z ox Y

+8—Qd2/\dy+a—Rdx/\dz+a—Rdy/\dz+a—RdZ/\dz=

0z ox oy 0z

oP

oy X

=(—jdxAdy+gdZ/\dx+8de/\dy+ady/\dz+(—aaQ)dy dz +(—(2Rjd2/\dx=
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ox Oy oz Oy oy 0Oz

Tonyuennwiii pezyriomam oaém meopemy Cmokca.

:(G_Q_a—dex/\dy+(a—P—a—Rx]dz/\dx+(a—R—a—QJdX/\dy

Jlanee,
d(w’)=d(Rdx ndy+ Qdz ndx + Pdy ndz)=dR A dx A dy +
+dOAndzAdx+dP Ady Adz= a—Rdx+a—Rdy+a—Rdz Adx Ady +
ox oy 0z

+ anx+8Qdy+anz Adz Adx + 8_de+8_de+8_PdZ ANdy ndz =
ox oy oz ox oy oz

:a—Rdx/\dx/\dy+a—Rdy/\dx/\dy+a—RdZ/\dx/\dy+a—de/\dZ/\dx+
ox oy 0z ox

+(Z—Qdy/\dZ/\dx+a—QdZ/\dZ/\dx+a—de/\dy/\dz+

)y 0z ox

+6—de/\dy/\dz+a—PdZ/\dy/\dz: 8_P+8_R+8_Q dx ndy A dz
oy oz ox 0z Oy
mak kak dz ndx Andy =—dx Andz Ady =dx Ady ndz.

Tonyuennwiii pezynomam oaém meopemy Ocmpozpadckozo.
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